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Notations and symbols have their usual meanings.

1. Answers any two: [2×5=10]
(a) Let A be the set of all sequences of complex numbers. Consider a function ρ : A× A → R

given by ρ(x, y) =
∑

n∈ N

an
|xn−yn|

1+|xn−yn|
, where x = {xn}, y = {yn} ∈ A and

∑

n∈ N

an is any convergent

series of positive terms. Prove that (A, ρ) is a metric space. [5]
(b) State and prove Hausdroff property for a metric space. [1+4]
(c) Let us define a mapping d : R2 × R

2 → R by

d(x, y) =

{

|x1 − y1| if x2 = y2,

|x2 − y2|+ |x1|+ |y1| if x2 ̸= y2,

where x = (x1, x2), y = (y1, y2) ∈ R
2. Examine whether d is a metric or not. [5]

2. (i) Let (X, ρ) be a metric space. Then for all x, y, z ∈ X prove that |ρ(x, u) − ρ(y, u)| ≤
ρ(x, y).

(ii) Show by an example that intersection of infinitely many open sets need not to be open in
a metric space.

(iii) Let A be a non-empty set in a metric space (X, d). Prove that Int(A) is an open set.
[2+1+2]
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1. Answer any two questions.

(a) Let G be a group. Prove that Aut(G) is a subgroup of A(G). Where

Aut(G) denote the set of all automorphism of G and A(G) denote the

group of all permutation of G. [5]

(b) Show that the set Inn(G) of all inner automorphism of G is a normal sub-

group of Aut(G). [5]

(c) Let G be a group. Show that G/Z(G) ∼= Inn(G) [5]

(d) Let G be an infinite cycle group. Find Aut(G). [5]

(e) Let G be a group of order 4. Discuss about Aut(G).

Show that Inn(G) = {e} if G is abelian. [2+3]

(f) Find upto isomorphism Aut(Z72), Aut(U(8)),

Aut(Z), Aut(Z2 × Z2), Inn(Q8), Inn(S3).

Given Aut(G1) ∼= Aut(G2). Is G1
∼= G2 is true,in general? if not give an

example. [3+2]

2. Answeer any one.

(a) Define characterstic subgroup.

H = {Å0, Å2} is a subgroup of Z4. Show that H char Z4

Show that Z(G) char G. [1+2+2]

(b) Show that every subgroup of a cyclic group (finite or infinite) is a charac-

terstic subgroup. [5]

(c) Show that a characterstic subgroup of G is a normal subgroup of G. Is the

converse true? [5]

[Hint: for converse G = K4 = {e, a, b, c} and H = {e, a}]
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Group-A

Answer any one of the following questions. [1× 15 = 15]

1. (a) Explain the term “perfect fluid” with example. [2]

(b) Prove that if the fluid is in equilibrium the pressure at a point is the same in

every direction. Is it is true if the fluid is in motion? [5]

(c) A fine glass tube in the shape of an equilateral triangle is filled with equal

volume of three liquids which does not mix, whose densities are in arithmetical

progression. The tube is held in a vertical plane, and the side that contains

portions of the heaviest and lightest liquids makes an angle θ with the vertical.

show that the surface of separation divide the side in the ratio

cos
(π

6
− θ

)

: cos
(π

6
+ θ

)

. [8]

2. (a) Define pressure at a point in a fluid . [3]

(b) Show that in a homogeneous fluid at rest under gravity, the difference of the

pressures between any two points in proportional to the difference of their

depths [5]

(c) A semi-circular tube has its bounding diameter horizontal and contains equal

volumes of n fluids of densities successively equal to ρ, 2ρ, 3ρ, . . . ,arranged in

this order, If each fluid subtends an angle 2α at the centre and the tube just

holds them all, show that

tannα = (2n+ 1) tanα

. [7]
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