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Abstract

In this paper we prove some common fixed point theorems in a complete bicomplex valued b-metric spaces for
rational contractions.
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1 Introduction, Definitions and Notations.

Segre’s [41] paper, published in 1892 made a pioneering attempt in the development of special algebras. He
conceptualized commutative generalization of complex numbers as bicomplex numbers, tricomplex numbers, etc.
as elements of an infinite set of algebras. Unfortunately this significant work of Segre failed to earn the attention of
the mathematicians for almost a century. However, recently a renewed interest in this subject contributes a lot in the
different fields of mathematical sciences and other branches of science and technology.

Price [36] developed the bicomplex algebra and function theory. In this field an impressive body of work has been
developed by different researchers during the last few years. One can see some of the attempts in (cf.[3]-[6], [15], [16],
[24]-[33], [39], [40], [42], [43]). Azam et al. [1] introduced a concept of complex valued metric space and established
a common fixed point theorem for a pair of self contracting mappings. Rouzkard & Imdad [37] generalized the result
obtained by Azam et al. [1] and proved another common fixed point theorem satisfying some rational inequality in
complex valued metric space. The Banach contraction principle (cf. [12]) is a very popular and effective tool to solve
the existence problems in many branches of mathematical analysis and it is an active area of research since 1922.
The famous Banach theorem (cf. [12]) states that "Let (X, d) be a metric space and T be a mapping of X into itself
satisfying d(Tx, Ty) < kd(x,y),Vx,y € X, where k is a constant in (0, 1). Then T has a unique fixed point x* € X”.
In this connection Choudhury et al. ([13]&[14]) proved some fixed point results in partially ordered complex valued
metric spaces for rational type expressions. Datta & Ali [7] proved common fixed point theorems for four mappings
in complex valued metric space. Also one can see the attempts in (cf. [2], [8], [9], [44], [46], 47).

The concept of complex-valued b-metric spaces introduced by Rao et al.[38] proved a common fixed point theorem
in complex valued b-metric spaces. Mukheimer [34] proved some common fixed point theorems in complex-valued b-
metric spaces. Also Dubey et al.[18] proved some common fixed point theorems for contractive mappings in complex-
valued b-metric spaces and Singh et al.[45] common fixed point theorems in complex-valued b-metric spaces. In this
connection Mitra[35] proved a common fixed point theorem in complex valued b-metric spaces and Kumar et al.[19]
proved common fixed point theorem in complex valued b-metric space for rational contraction. We write the set of
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real, complex and bicomplex numbers respectively as Cy, C; and C,. In this paper we are going to prove some common
fixed point theorem in bicomplex valued b-metric space for rational contraction.

Let z1, 2> € C; be any two complex numbers, then the partial order relation < on C; is defined as follows:

71 S 2o if and only if Re(z)) < Re(zp) and Im(z;y) < Im(2p),

i.e., z1 3 2o if one of the following conditions is satisfied:

(1) Re(z1) =Re(z2), Im(z1) = Im(z2),
(2)  Re(z1) <Re(z2), Im(z1) = Im(z2),
(3) Re(z1) =Re(z2), Im(z1) < Im(z) and
(4)  Re(z1) <Re(z2), Im(z1) < Im(z2).
In particular, we can say z; < 22 if 71 S 22 and z; # z; i.e. one of (2), (3) and (4) is satisfied and z; < 7, if only (4)
is satisfied. We can easily check the following fundamental properties of partial order relation < on C;:
1.If 0 5 21 £ 22, then |z1] < |z2],
2.If 71 S 22,20 < zzthen z; < z3 and
3. Ifz; < 722 and A > 0 is a real number then Az; < A2;.

1.1 Complex valued metric space.
Azam et al.[1] defined the complex valued metric spaces as

Definition 1.1 Let X be a nonempty set. Suppose the mapping d : X X X — C; satisfies the following conditions:
1. 0 3 d(x,y) forall x,y € X,
2. d(x,y) =0ifand only if x =y,
3.d(x,y) =d(y,x) forall x,y € X and
4. d(x,y) 3d(x,2) + d(z,y) for all x,y,z € X.
Then d is called a complex valued metric on X and (X, d) is called the complex valued metric space.

Definition 1.2 Let X be a nonempty set and let s > 1. Suppose the mapping d : X X X — C; satisfies the following
conditions:

1. 0 3 d(x,y) forall x,y € X,

2. d(x,y) =0ifand only if x =y,

3.d(x,y) =d(y,x) forall x,y € X and

4. d(x,y) 3 s|d(x,z) + d(z,y)] forall x,y,z€ X .

Then d is called a complex valued b-metric on X and (X, d) is called the complex valued b-metric space.

1.2 Bicomplex Number.
Segre [41] defined the bicomplex number as:
f =ay +ayi; + a3i2 + Cl4i1i2,
where ay, ay, a3, as € Cy and the independent units 7}, i, are such that if = i% = —1 and ii; = ipi;. We denote iji; = J,
which is known as the hyperbolic unit and such that j> = 1, i1j = ji; = —i», i2j = ji» = —i;. Also C, is defined as:
Co ={¢: &= a1 + ariy + aziz + agirin, ay, az, a3, ag € Co}
ie.,
Co={£: &=+, 21,220 € Ci},
where z; = a; + azi; € C; and 25 = a3 + aqi; € C;.
If & = z; +ixzp and n = wy +ipw; be any two bicomplex numbers then the sum is £+ = (z1 + i222) = (W) + hwp) =
(z1 £ wy) + iz (22 £ wp) and the product is .7 = (21 + i222) . (W1 + own) = (Zyw — 22W2) + ia (ZyWa + Zow1).
1.2.1 Idempotent representation of bicomplex number.
There are four idempotent elements in C,, they are 0, 1,¢; = ”% and e, = 1‘% out of which e; and e, are nontrivial
such that e; + e, = 1 and eje; = 0. Every bicomplex number z; + i3z, can uniquely be expressed as the combination
of e and e;, namely

E=z1+hn=(@ —iin)el +(z1 +i122) €.

This representation of & is known as the idempotent representation of bicomplex number and the complex
coefficients &1 = (71 —i122) and & = (z1 +i12) are known as idempotent components of the bicomplex number

£
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1.2.2 Non-Singular and Singular elements.
An element & = z; + iz, € C, is said to be invertible if there exists another element 7 in C, such that én = 1 and 77 is
said to be the inverse (multiplicative) of £. Consequently £ is said to be the inverse (multiplicative) of . An element
which has an inverse in C, is said to be the nonsingular element of C, and an element which does not have an inverse
in C, is said to be the singular element of C,.

An element ¢ = 73 + iz € C; is nonsingular if and only if |z% + z§| # 0 and singular if and only if |z% + Z%l =0and
the inverse of £ is defined as

&

71 — D2

n= :
2+73

Zero is the only one element in R which does not have multiplicative inverse and in C,0 = 0 + i0 is the only one
element which does not have multiplicative inverse. We denote the set of singular elements of R and C by Oy and O,
respectively. But there are more than one element in C, which do not have multiplicative inverse; we denote this set

by O, and clearly Oy = O; C O;.

1.2.3 Norm of a bicomplex number.
The norm ||| of C, is a positive real valued function and ||| : C, — R* is defined by

1
2

. 2 2
Il =121 + i2zall = {laa? + lzal}

1
2

1
5 =(a%+a§+a§+ai)§,
where f =ay + axiy + azip + agiji, = 71 + ihzp € Cy.

The linear space C, with respect to defined norm is a norm linear space, also C, is complete; therefore C, is the
Banach space. If &, € C, then ||é7|| < \/§II§II [I7l] holds instead of ||&nl| < [I€]||Inl], therefore C, is not the Banach
algebra.

Now we define the partial order relation <;, on C, as follows:

Let C, be the set of bicomplex numbers and € = z; + irz0, 7 = wy + iowp € Cy then € 55, npif and only if z; < wy.
and z; I wy i.e., € 3, i if one of the following conditions is satisfied:

(D z1 =wi, 22 =wy,

(2) z1 < w1, 22 = wy,

(3)z1 =wy, 22 < wp and

@) z1 < wi, 22 <wy.

In particular we can write ¢ <;, nif € 3;, nand € # ni.e. one of (2), (3) and (4) is satisfied and we will write
& <;, nif only (4) is satisfied.

For any two bicomplex numbers &, 1 € C, we can verify the followings:

@ & =i, 1= il < limll

@) [l + 7l < NN+ limll,

(iii) ||a&|| = a||&|| if a is a non negative real number,

@) [I€nll < V2 1I€ll Il and the equality holds only when at least one of & and 7 is equal to zero,

% “5’1 ” = |l€|I”" if & is a nonsingular bicomplex number with 0 < &,

(vi) H%“ = % if 7 is a nonsingular bicomplex number.

1.3 Bicomplex valued metric space.
Choi et al.[17] defined the bicomplex valued metric space as follows:

N N
B [I(m —h22)l” + (21 +i122)|

Definition 1.3 Let X be a nonempty set. Suppose the mapping d : X X X — C, satisfies the following conditions:
1. 0 34, d(x,y) for all x,y € X,
2. d(x,y) =0ifand only if x =y,
3.d(x,y) =d(y,x) forall x,y € X and
4. d(x,y) Si, d(x,2) +d(z,y) forall x,y,z € X.
Then d is called a bicomplex valued metric on X and (X, d) is called the bicomplex valued metric space.

Definition 1.4 Let X be a nonempty set and let s > 1. Suppose the mapping d : X X X — C, satisfies the following
conditions:
1. 0 5, d(x,y) for all x,y € X,

95



2. d(x,y) =0ifand only if x =y,

3. d(x,y) =d(y,x) forall x,y € X and

4. d(x,y) 3, s[d(x,z) + d(z,y)] for all x,y,z € X.

Then d is called a bicomplex valued b-metric on X and (X, d) is called the bicomplex valued b-metric space.

Example 1.1 Let X = [0, 1], and consider the mapping d : XxX — C, as defined by d (x,y) = (1 +ij + i + i1iz) |x — y|2.

Then for all x,y,z € X,
d(x,y) = (1 + iy + iy + iyiy) [x =y
=(Il+ii+i+iab)|x—z+z—y
= (L+ iy + iy +iri) (v = 2P + |z =y + 21x = e - )
i L+ +ip+iri) (v =2 + e =y + e = 2 + 2 = yP)
i, 2[d(x,2) + d(z, y)]

therefore (X, d) is a bicomplex valued b-metric space as s = 2.

Definition 1.5 (i). Let A C X and a € A is said to be an interior point of A if there exists a 0 <;, r € C, such that
B(a,r)={xeX :d(a,x)<, r}CA

and the subset A C X is said to be an open set if each point of A is an interior point of A.

(i1). A point a € X is said to be a limit point of A if for all 0 <;, r € C, such that
B(a,r) N{A —{a}} # ¢

and the subset A C X is said to be a closed set if all the limit points of A belong to A.

(iii). The family
F={B(a,r):aeX,0<;,reCy}

is a sub-basis for a Hausdorff topology T on X.

Definition 1.6 For a bicomplex valued metric space (X, d)
(). A sequence {x,} in X is said to be a convergent sequence and converges to a point x if for any 0 <;, r € C,
there is a natural number ny € N such that d(x,, x) <;, r, for all n > no and we write limx, = x or x, = xasn — .

n—oo

(i1). A sequence {x,} in X is said to be a Cauchy sequence in (X, d) if for any 0 <;, r € C, there is a natural number
ng € N such that d(x,, Xp+m) <i, 1, for all m,n € N and n > ny.

(>iii). If every cauchy sequence in X is convergent in X then (X, d) is said to be a complete bicomplex valued metric
space.

Definition 1.7 Let (X, d) be a bicomplex valued metric space and S,T : X — X be two self-mappings then S and T are
said to be compatible if imd (STx,TS x,) = 0, whenever {x,} is a sequence in X such that limSx, = limTx, = u
n—co n—oo n—oo

for some u € X.

Definition 1.8 Let S, T : X — X be two self-mappings then S and T are said to be weakly compatible if STx =TS x
whenever S x = Txfor all x € X.

Definition 1.9 Let S, T : X — X be two self-mappings then, S and T are said to be commuting if TS x = STx for all
x€X.

Definition 1.10 Let (X, d) be a bicomplex valued metric space and S,T : X — X be two Self-mappings then S and T
are said to be weakly commuting if d (STx, TS x) 3i, d(Sx,Tx) for all x € X.

Definition 1.11 Let (X,d) be a cone metric space then the self-mapping T : X — X is said to be almost Jaggi
contraction if it satisfies the following condition:

d(x,Tx)d(y,Ty)
d(x,y)
forall x,y € X,;where L > 0 and a, B are non-negative real numbers with o + 8 < 1.

(1.1) d(Tx,Ty) <« + 6d (x,y) + Lmin{d (x,Ty),d (y, Tx)}
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Definition 1.12 Let (X, d) be a cone metric space then the self-mapping T : X — X is said to be Jaggi contraction if it
satisfies the following condition:

dx,Tx)d(y,Ty)
d(x,y)
forall x,y € X, where L > 0 and a and 3 are non-negative real numbers with @ + 5 < 1.

d(Tx,Ty)<a +Bd (x,y)

Definition 1.13 Let (X, d) be a complete complex valued b—metric space then the self-mapping T : X — X is said to
be Jaggi contraction if it satisfies the following condition:

d(x,Tx)d(y,Ty)
d(x,y)
forall x,y € X, where @ and 3 are non-negative real numbers with s (a + ) < 1.

d(Tx,Ty) 3« +d (x,)

Definition 1.14 Let (X, d) be a cone metric space then the self-mapping T : X — X is said to be Dass-Gupta
contraction if it satisfies the following condition:

dy,Ty)[1 +d(x,Tx)]
1+d(x,y)
for all x,y € X, where L > 0 and «, 8 are non-negative real numbers with @ + 8 < 1.

d(Tx,Ty) <«

+Bd (x,y) + Lmin{d (x,Tx),d (x,Ty),d(y,Tx)}

Definition 1.15 Let (X, d) be a complete complex valued b—metric space with coefficient s > 1, then the self-mapping
T : X — X is said to be Dass-Gupta contraction if it satisfies the following condition:

d(y,Ty)[1 +d(x,Tx)]
1+d(x,y)
forall x,y € X, where L > 0 and «, B are non-negative real numbers with s (@ + ) < 1.

d(Tx,Ty) 3« +6d (x,y) + Lmin{d (x,Tx),d (x,Ty),d (y,Tx)}

2 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 [20] Let (X, d) be a bicomplex valued metric space and a sequence {x,} in X is said to be convergent to a
point x if and only if lim ||d(x,, x)|| = 0.
n—oo

Lemma 2.2 [20] Let (X,d) be a bicomplex valued metric space and a sequence {x,} in X is said to be a Cauchy
sequence in X if and only if lim ||d(x,, Xp+m)|| = O.

3 Main Theorems.
In this section we prove some fixed point theorems on bicomplex valued b-metric space for rational contraction.

Theorem 3.1 Let (X, d) be a complete bicomplex valued b-metric space with the coefficient s > 1. Let the self-mapping
T : X — X be almost Jaggi contraction satisfying the condition

d(x,Tx)d(y,Ty)
d(x,y)

for all x,y € X and d (x,y) is nonsingular where L > 0 and «, 3 are non-negative real numbers with s ( V2a +,8) < 1.
Then T has a unique fixed point in X.

(3.1) d(Tx,Ty) zi, +Bd (x,y) + Lmin{d (x,Ty) ,d (y, Tx)}.

Proof. Let {x,} be a sequence in X such that
X, =Tx,—1, foralln=1,2, ...
where x is an arbitrary fixed point in X.
Therefore by using (3.1) we obtain that
d (xn, Xp1) =d (Txy—1, Txy)
d (xp—1, Txp—1) d (x, T )
" d (Xy-1, %)
Lmin{d (x,-1, Txy,),d (x,, Tx,-1)}
o d (X1, Xn) d (Xn, Xpe1)
e d (Xp-1, Xn)

+ﬁd (xn—l’ xn) +

+Bd (xn—l’ -xn) +
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Lmin {d (xn—ls -xn+1) 5 d (xns -xn)}
) d(xn—hxn)d(xn’ xn+1)
=" d (xn—l 5 xn)

+Bd (xn—l’ -xn)
Hence
d (xn—l > xn)” ”d (xm Xn+1 )”
V2ol
”d (-xn—ls X,,)”
< V2 [ld (s X DI + Bl (1, )1

i lld Gons sl < 7755 lld (et )1

1e,||d (xns -xn+1)|| <h ”d (-xn—l, .X,,)” 5

lld (X, X DIl <

+Bld (1, )l

where h = — and0<h<1,as s(\/za +ﬁ) < land s > 1. Therefore foralln =1,2,3, ...
I (s X DN < Rl Gty XN < 12 11 (s X DI < e < B (I (g 1)
Thus

(3.2) Il Gens1s Xns2)ll < B [ld (xo, 20l
Sinces(\/ﬁa+ﬂ) <lands>1— sh= 1—3621 <1
Then for any two positive integers m, n with m > n we get that
d (Xp, Xim) Siy 8 [d (X, Xp1) + d (X1, X)) -
Therefore,
lld Cen, )l

<sld (s Xne DI+ Sl (K15 X

2 2
<s ”d (xns xn+1)“ + s “d (xn+l,xn+2)|| +s “d (xn+2, xm)“

2 3 3
<s ”d (xnv xn+1)|| + s “d (xn+lsxn+2)|| +s ”d (xn+2, xn+3)” + s ”d (xn+3a xm)”

le,”d (xnv xm)” <s ”d (xn’ xn+1)” + 52 ”d (anrl’ xn+2)|| + 53 ”d (xn+2’ xn+3)|| + ..t Sm—n—l ”d (xm—l, xm)”
2
< 3 ”d (X”, xn+l)|| + s ”d (Zr_z;l’ xn+2)” + ,as s> 1.
s ”d (anrZ’ xn+3)|| +...+S ”d (xm—ls xm)”
Therefore by using(3.2) we get that
lld (s x| <sh" [Id (xo, x| + K™ |1 (o, x1)|
+ S B \ld (o, x)I + .. 4+ 8" I (x0, x0)|
Le., ld (n, )l 275" 5" W ld (0, 20N,
i.e.,|ld (xu, X))l Z}’L]'I'S’f”flh’+”’l Il (x0, x)Il, as s > 1,
Le.lld (i, x)ll 2115, 7R Nld (o, x DIl
ie.lld (xn, Xl 52, (sh) Nld (xo, x1)I
. h i
iLe.lld (., Xl < 225 11d (xo, x1)II-
Since (f_hzh — 0 as n — oo, therefore for any £ > 0 there exists a positive integer ng such that ||d (x,, x,,)|| < &, for
all m,n > ny. Hence {x,} is Cauchy in X. Since X is a complete bicomplex valued b-metric space, then there exists
u € X such that limx,, = u.

n—oo

Now we show that u = T, if not then there exists 0 <;, ¢ € C; such that d (u, Tu) = £.
Therefore,
éE=dw,Tu)
i 5d (U, Xpi1) + 5d (X411, Tut)
i 8d (U, Xpy1) + sd (T x,, Tu)
d(x,, Tx,)dwu,T .
o 5d @ ) + 501 dfx) ()” “) 4 sBd (x,0) + sLmin (d (v, Tu), d (1, Tx,))
n, U
d (.X,,, xn+1)§
d (x,, u)

AN

A

i, sd (U, Xp41) + S + sBd (x,, u) + sLmin {d (x,,, Tu) ,d (u, x,+1)} .
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Therefore,
lld (X, X0 DI EN
I < ld e, X)) + 5 V20— =S
lld (X, W)l
s|IL min{d (xp, Tu) , d (u, Xps 1)} -
Since lim x,, = u, taking limit both sides as n — co we get that ||£]| < 0, which is a contradiction, hence ||£|| = 0 —
lld (u, Tu)|| = 0 = u = Tu. Therefore u is a fixed point of 7.
Now we show that 7" has a unique fixed point. If possible let u* € X be another fixed point of 7.
Then
du,u*)=d(Tu,Tu")
dw, Tu)d (u*, Tu*)
Si, @
d (u, u*)
d,u)d ", u")
$i2 X
d (u, u*)
Siz (ﬁ + L) d (I/l, M*)
Le., [ld(u, u)ll < (B + Dlld(u, u")|l
ie., |ld@w,u*)| =0
ie,u=u"
This completes the proof of the Theorem 3.1.

+ sBld (xp, wll +

+ Bd (u,u*) + Lmin{d (u, Tu*),d (u”, Tu)}

+ Bd (u,u*) + Lmin{d (u,u”),d (u", u)}

Example 3.1 Let X = [0, 1] and consider the mapping d : X X X — C, defined by d (x,y) = (1 + iy + i + i1i2) |x — y|2

Then for all x, y, z € X,we can easily show that
d(x,y) 3, 2[d(x,2) +d(z,y)]

therefore (X, d) is a bicomplex valued b-metric space with s = 2.
Let us consider the mapping 7 : X — X by T'x = 3, then

Xy
d(Tx.T =d(—,—)
(Tx,Ty) 75
y2

=(1+1i +i +iip) g—z

1
=Z(1 Fi 4+ i) X —yP

1
=Zd(x,y) .

if we choose a = 16%5 and 8 = i then s(\/iaf +,8) = 2(\/216%5 + %) = % < 1 and for all L > 0 then all conditions
of the Theorem 3.1 is satisfied. And clearly 0 is the unique fixed point of 7.

Corollary 3.1 Let (X,d) be a complete bicomplex valued b-metric space with the coefficient s > 1. Let the self-
mapping T : X — X be Jaggi contraction satisfying the condition

d(Tx,Ty) <, o LETDA0TY) g
d(x,y)

for all x,y € X and d(x,y) is nonsingular where a, 8 are non-negative real numbers with s( V2a + ,B) <1.Then T
has a unique fixed point in X.
Proof. This can be proved by taking L = 0 in Theorem 3.1.

Theorem 3.2 Let (X, d) be a complete bicomplex valued b-metric space with the coefficient s > 1. Let the mappings
S, T : X = X be almost Jaggi contraction satisfying the condition

d(x,5x)d(y, Ty)
d(x,y)

forall x,y € X and d (x,y) is nonsingular where L > 0 and a, 8 are non-negative real numbers with s < V2a +,B) < 1.
Then the mappings S and T have a unique common fixed point in X.

(3.3) dSx,Ty) 55, @ + Bd (x,y) + Lmin{d (x,Ty),d (y, S x)}
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Proof. Let {x,} be any sequence in X and x( be an arbitrary point in X. We define
Xone1 = Sxon,  Xops2 = Txpp, n=0,1,2,..
Therefore by using (3.3) we obtain that

d (X2p41, X2n42) = d (S X2, T X2p11)

d n&S n d n ’T n .
<, oL Sx) dConets Towme) | gy o min{d (oo Txmer) s d (oot S X))
d (X2, X2n41)

d (X2, Xon+1) d (X2p41, X2042)
d (Xou, X2n+1)
d (Xou, Xon+1) d (X2p41, X2n42)

Sih @ + Bd (X210, X2n41) -
d (me x2n+l)

+ Bd (X2, X2p41) + Lmin {d (X24, X2042) , d (X2p41, X2041)}

Therefore,

\/Ea/”d (%27, X2n4 DI (X2041, X2042)l
”d (x2m x2n+l)||

< V2a |ld (Xans1, Xans)ll + BlId ey Xans )l

ld (x2041, X2n42)ll < + Bld (x2n, X204+l

(3.4) ie., |ld(x2pe1, X2042)ll < _F_ ld (x20, X204+ DIl
1- V2a

Similarly we get that

(3.5) ld (x2n12, X2043)Il < _F_ ld (2041 X2042)l
1- V2a
From (3.4) and (3.5) we can say that
I Cone 1, 52l < 1_’% d G, sl
Leth = I_’ﬁ Then0 < h<1,as s(\/iar +B) < 1and s > 1. Therefore foralln =0,1,2, ...

. Xn+1s Xn+2 = Xns Xn+1 = Xn—15Xn = e X0, X1 .
(3.6) lld( I < hlld( N < R ld ( N <. < d( )l

Since s ( V2a +ﬁ) < 1and s > 1, therefore sh = 1_‘1%0 <1

Then for any two positive integers m, n with m > n, we obtain that

d (Xp, X)) Siy 8 1d (X, Xpg1) + d (g1, X))
Therefore,
lld (6, x|
<slld Gy e DI+ 5 1 Gt %)l
<s Il s XDl + 87 1ld et a2l + 87 1l (s, Xl

2
<l Gony X DI+ 5% I o1, sl + 57 1d Gonias e )l + 87 1d 3, Xl

. 2
ie, |ld (xn, i)l <5 1ld Xy X DIl + 57 ld (X1, X2l
3 -n—1
+ ”d (xn+2a xn+3)” + o+ ”d (xm—l’xm)”

S{ I s %I+ 5% 1 Gl X2l + },as )

- > 1.
82 Qs Xl + e+ 5" [l Qs X

Therefore by using(3.6) we obtain that
lld (ny Xl <sH™ |Id (x0, XN + s2H™ 1 |Id (x0, x1)]
+ S Id (xo, XN + oo + 5" 7R 1 (0, x|

e, Ild (s x)ll S 1l (xg, X0
Le.,|ld (X, Xl Zf’i}'l'S’f”flh’+”" lld (xo, xp)ll a8 s > 1.
Lelld (xn, x)ll 275, s7h7 ld (xo, x|
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i.e., lld (x| £, (shY lld (x0, x1)I|

. e

i.e..lld (o, xa)ll < £ 11l (o, 60l

Since % — 0 as n — oo, therefore for any & > 0 there exists a positive integer g such that ||d (x,, x,,)|| < &, for
all m,n > ny. Hence {x,} is a Cauchy in X. Again since X is a complete bicomplex valued b-metric space, there exists

a u € X such that limx, = u.

n—oo

Now we show that u = Su, if not then there exists 0 <;, ¢ € C, such that d(u, Su) = &.
Therefore,
E=du,Su)
Siy Sd (U, Xn42) + 5d (X542, S u)
Siy Sd (U, Xon42) + 5d (Su, Txop41)
d(u, Su)d (x2p41, Tx2n+1)
d (t, X2n+1)
&d (xan+1, Xon+2)
d (U, Xop+1)

Si, 8d (u, X2442) + s + spd (u, xpp41) + sLmin {d (u, T x2441) , d (X241, S 1)}

i, sd (U, X2,42) + S + sBd (u, x2p+1) + SLmin{d (u, x2,42) , d (X2541, S )} .

Therefore,
€ Nld (xane15 X2n42)]
Il (o, X204 Dl
sBld (u, x2p+ DIl + s IIL min{d (u, X2442) > d (X20+1, S]]

Since lim x,, = u, taking limit both sides as n — co we get that ||£]| < 0, which is a contradiction, hence ||£|| = 0 —

n—oo

|d (e, Sw)]| = 0 = u = Su. Therefore u is a fixed point of S. Similarly we can show that Tu = u.
Now we show that S and T have a unique common fixed point. For this let #* € X be another common fixed point
of Sand 7T,i.e. Su* = Tu* = u*.
Then
du,u”)=d(Tu,Tu")
dw' ,Tu")[1+du, Tu)]

€Nl <slld (u, xon2)Il + sex

Si, @ + Bd (u,u") + Lmin{d (u, Tu) ,d (u, Tu*),d (u*, Tu)}
1+d(u,u*)

< AW U AWl o))+ Lmin{d (), d (') d o" )}
d (u, u*)

i, Bd (u, u”)
Le., |ld (u, u")|| < Blid (u, u*)|
Le., [ld(u,u”)|l =0
ie,u=u"
Hence the proof of the Theorem 3.2. is established.

Theorem 3.3 Let (X, d) be a complete bicomplex valued b—metric space with coefficient s > 1. Let the self-mapping
T : X — X be a Dass-Gupta contraction satisfying the condition

d, Ty)[1 +d(x,Tx)]
1+d(x,y)

forall x,y € X and 1+d (x,y) be nonsingular, where L > 0 and «, B are non-negative real numbers with s ( V2a + ,6’) <
1. Then T has a unique fixed point in X.

3.7 d(Tx, Ty =i, a + Bd (x,y) + Lmin{d (x,Tx),d (x,Ty),d(y,Tx)}

Proof. Let {x,} be a sequence in X such that
X, =Tx,—q, foralln=1,2, ...

where x is an arbitrary fixed point in X.
Therefore by using (3.7) we obtain that
d (xp, Xpe1) = d (Tx,-1, Tx,)
d (xp, Txp) [1+ d (X1, Tx,-1)]
+ d n—1»s-n
1+d(xn—l’xn) ﬁ (x : x)

+ L min {d (xn—l > Txn—l) > d (xn—l 5 Txn) > d (xn, Txn—l )}

iy
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d(xn’ -xn+l) [1 + d(xn—l, xn)]
1+ d(xn—lv xn)

Lmin {d(xn—l,xn)ad(xn—laxn+l)’d(xn’ xn)}

d(xna xn+l) [1 + d(xn—h xn)]
1+ d(xn—l’ -xn)

+ﬂd (xn—l, xn) +

iy

+Bd (X1, %) -

Therefore,
ﬁalld(xn,xm)ll 1T+ d (xp1, x)]
11 +d et 2l
<V2a|ld Gons Xl + B1Id Goner 30
i.e..lld (s s DI < 75 11l (a1, )
e lld (xp, Xpr DIl < hld (xpm1, X0
where h = 1—{3&@’ then 0 < & < 1, since s(\/za +,8) < 1and s > 1. Therefore foralln = 1,2,3, ...
I (s s DI < Rl Gty XN < 12 11 (s X DI < e < B (ld (g, 20 -
Therefore,
I (st sl < B (g, x|
Since s (@ +p) < land s > 1 — sh = 4=
Then for any two positive integers m, n with m > n

d(xn’ -xm) 51’2 N [d (-xm -xn+1) + d(xn+ls -xm)] .

”d (xn’ Xn+1 )” <

+Blld (Xp-1, x|

<1

Therefore,

I1d (X, x|
<sld (X, Xpe DI+ S (g1, X

2 2
<sld (X, Xne DI+ 87 ld (epg1 X + 87 Mld (2, X))l

2 3 3
<sld (i, Xpe DI+ 87 A Gopa 1, X2l + 87 1d (Xng2, XD + 57 ld (X3, Xl

e, |ld G, x| <51 oy Xae DI+ 87 I et Xl + 8 1d Gz, Xl + oo+ 8”77l (et Xl
lld (X X DNl + 5% 1 (15 Xs2)I| +
< e ass > 1.
{ S (Xpazs Xna3) | + oo+ 8" {Id (X1, X))l

Therefore by using (3.2) we get that

lld Qns Xl < sh" Id (xo, x| + s>H"™* ! |ld (xo, x)I| + S B2 |ld (%o, x| + ... + 8™ "R |ld (xo, x|
e lld (0, xa)ll SRl (xo, x0)]
Le.lld (5, xa)ll S s 1 |l (xo, x0)Il, since s > 1.
e, [ld (o, x)ll 25 s7hT (1d (xo, X))
ie., [Id (o, )l 2252, (sh)! Il (x0, x1)l
e, Ild Gy )l < S22 1 (x, x1)II-

1-s
Since (IY_hzh — 0 as n — oo, therefore for any £ > 0 there exists a positive integer ng such that ||d (x,, x,,)|| < &, for

all m,n > ny. Hence {x,} is Cauchy in X. Since X is a complete bicomplex valued b-metric space, then there exists
u € X such that limx,, = u.

n—oo

Now we show that u = T'u, if not then there exists 0 <;, ¢ € C; such that d (u, Tu) = £.
Therefore,

¢ =du,Tu)

Siy 8d (, Xpi1) + sd (Xp41, Tut)

i, sd (U, xp41) + sd (Tx,, Tu)

du,Tu)[1 +d(x,, Tx,)] .
1+d(x,,u)

Sipsd (U, Xpe1) + s
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sBd (xp, u) + sLmin{d (x,, Tx,),d (x,, Tu),d (u, Tx,)}
&L +d (xn, Xn+1)
d(x,,u)
sLmin{d (X, Xp41) » d (X, Tw) , d (u, Xp41)} .
Thus

€N <slld (u, x| + 5 V2

i, sd (U, Xp41) + S ] + sBd (x,, u) +

NENIT + d (x5 X 1)l
11+ d (xp, W)l
sILmin{d (xp, Xp+1) , d (Xn, Tu) . d (4, x5 )} -
Since limx, = u, taking limit both sides as n — co we get that ||£]| < sa||£]|, which is a contradiction. Hence
1€l =0 —>an00(14, Tu)|| = 0 = u = Tu. Therefore u is a fixed point of 7.

Now we show that 7" has a unique fixed point. For this let #* € X be another fixed point of 7.
Then

dw,u*) =d(Tu,Tu")
dw ', Tu")[1+d(u, Tu)]
~a 1 +du,u)
Lmin{d (u,Tu),d W, Tu"),d ", Tu)}
dw,u*)[1 +du,u))
~ed d (u, u*)
Lmin{d (u,u),d (u,u*),d ", u)}
SiBd (u, u)
ie., |ld (u,u”)ll < Blld (u, u")l|
ie., ||[d@,u*)||=0
i.e., u=u.
This completes the proof of the Theorem 3.3.

+ sBIld (xn, )l +

+ Bd (u,u*) +

+ Bd (u,u*) +

Corollary 3.2 Let (X, d) be a complete bicomplex valued b—metric space with coefficient s > 1. Let the self-mapping
T : X — X be a Dass-Gupta rational contraction satisfying the condition

d(y,Ty)[1 +d(x,Tx)]
(3.8) d(Tx,Ty) 3, @ T+ dy) +pd (x,y)

forall x,y € X and 1 + d (x,y) be non degenerated, where a, 8 are non-negative real numbers with s ( V2a + ,8) < 1.
Then T has a unique fixed point in X.

Proof. This can be proved by taking L = 0 in Theorem 3.3.

Corollary 3.3 Let (X, d) be a complete bicomplex valued b—metric space with coefficient s > 1. Let the self-mapping
T : X — X be a Dass-Gupta rational contraction satisfying the condition
d,T"y)[1 +d(x,T"x)]
+ Bd (x,
1+d(x.y) pd(x.5)

forall x,y € X and 1 + d (x,y) be nonsingular, where a, B are non-negative real numbers with s ( V2a + ﬁ) < 1. Then
T has a unique fixed point in X.

3.9) d(T"x,T"y) 3, @

By Corollary 3.2 there exists a unique point # € X such that

T'u = u.
Therefore,
0 o . . dw,T"u)[1 +d(Tu, T"Tu))
d(Tu,u)=d(TT"u,T"u) =d(T"Tu,T"u) 3, @ T+ d(Tu.m + Bd (Tu, u)
ie. d(Tu,u) < a% + Bd (Tu, u)

ie., d(Tu,u) 3i, ad (Tu,u)

ie., l[d(Tu,w)|| < alld (Tu,u)||

ie., |ld(Tu,u)l|=0

ie.,Tu=u.

This completes the proof of the Corollary 3.3.
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4 Future prospect.
In the line of the works as carried out in the paper one may think of the deduction of fixed point theorems using fuzzy
metric, quasi metric, partial metric, probabilistic metric, p-adic metric (where p is a prime number), cone metric, quasi
semi metric, convex metric, D-metric and other different types of metrics under the flavour of bicomplex analysis. This
may be regarded as an active area of research to the future workers in this branch.
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running at the Department of Mathematics, University of Kalyani, P.O.: Kalyani, Dist: Nadia, Pin: 741235, West
Bengal, India.

Authors are also grateful to the Editor and Reviewer for their valuable suggestions to bring the paper in its present
form.

References
[1] A. Azam, F. Brain and M. Khan, Common fixed point theorems in complex valued metric spaces, Numer. Funct.
Anal. Optim., 32(3) (2011), 243-253.
[2] J. Ahmad, A. azam and S. Saejung, Common fixed point results for contractive mappings in complex valued
metric spaces, Fixed point Theory and App., 67 (2014), 1-11.
[3] R. Agarwal, M. P. Goswami and R. P. Agarwal, Convolution theorem and applications of bicomplex Laplace
transform, Adv. Math. Sci. Appl., 24(1) (2014), 113-127.
[4] R. Agarwal, M. P. Goswami and R. P. Agarwal, Tauberian theorem and applications of bicomplex Laplace-
Stieltjes transform, Dyn. Contin. Discrete Impuls. Syst. Ser. B Appl. Algorithms, 22 (2015), 141-153.
[5] R. Agarwal, M. P. Goswami and R. P. Agarwal, Bicomplex version of Stieltjes transform and applications, Dyn.
Contin. Discrete Impuls. Syst. Ser. B Appl. Algorithms, 21 (2014), 229-246.
[6] D. Alpay, M. E. Luna-Elizarrards, M. Shapiro and D. C. Struppa, Basics of functional analysis with bicomplex
scalars and bicomplex schur analysis, Springer Briefs, 2014.
[7]1 S. Ali, Some common fixed point theorems for two weakly compatible mappings in complex valued metric
spaces, Thai J. Math., 15(3) (2017), 797-806.
[8] S. Bhatt, S. Chaukiyal and R. C. Dimri, A common fixed point theorem for wealky compatible maps in complex
valued metric spaces, Internat. J. Math. Sci. Appl., 1(3) (2011), 1385-1389.
[9] S. Bhatt, S. Chaukiyal and R. C. Dimri, Common fixed point of mappings satisfying rational inequality in
complex valued metric space, Internat. J. Pure. App. Math., 73(2) (2011), 159-164.
[10] A.Banerjee, S. K. Datta and A. Hoque, Inverse Laplace transform for bicomplex variables, Math. Inverse Probl.,
1(1) (2014), 8-14.
[11] H. De. Bie, D. C. Struppa, A. Vajiac and M. Vajiac, The Cauchy-Kowalevski product for bicomplex holomorphic
functions, Math. Nachr., 285(10) (2012), 1230-1242.
[12] S. Banach, Sur les operations dans les ensembles abs traits et leur application aux equations integrales, Fund.
Math., 3 (1922) 133-181.
[13] B. S. Choudhury, N. Metiya and P. Konar, Fiyed point results in partially ordered complex valued metric spaces
for rational type expressions, Bangmod Int. J. Math. & Comp. Sci., 1(1) (2015), 55-62.
[14] B. S. Choudhury, N. Metiya and P. Konar, Fixed point results for rational type contruction in partially ordered
complex valued metric spaces, Bulletin Internat. Math. Virtual Institute., 5 (2015), 73-80.
[15] K. S. Charak, R. Kumar and D. Rochon, Infinite dimensional bicomplex spectral decomposition theorem, Adv.
Appl. Clifford Algebras, 23 (2013), 593-605.
[16] F. Colombo, I. Sabadini, D. C. Struppa, A. Vajiac and M. Vajiac, Singularities of functions of one and several
bicomplex variables, Ark. Math., 49 (2010), 277-294.
[17] J. Choi, S. K. Datta, T. Biswas and N. Islam, Some fixed point theorems in connection with two weakly
compatible mappings in bicomplex valued metric spaces, Honam Mathematical J., 39(1) (2017), 115-126.
[18] A. K. Dubey, R. Shukla and R. P. Dubey, Some common fixed point theorems for contractive mappings in
complex-valued b-metric spaces, Asian J. Math. Appl., 2015 (2015), 1-7.
[19] A. K. Dubey and M. Tripathi, Common fixed point theorem in complex valued b-metric space for rational
contraction, J.Informatics & Math. Sci., 7(3) (2015), 149-161.
[20] S. K. Datta, D. Pal, N. Biswas and S. Sarkar, On the study of fixed point theorems in bicomplex valued metric
spaces,Journal of the Calcutta Mathematical Society, 16(1) (2020), 73-94.
[21] S. K. Datta, D. Pal, R. Sarkar and J. Saha, Some common fixed point theorems for contracting mappings in
bicomplex valued b-metric spaces, Bull. Cal. Math. Soc.,112(4) (2020), 329-354.

104



[22] S. K. Datta and R.Sarkar, Some new dimensional approach in bicomplex valued metric spaces, Lambert
Academic Publishing, 2020, ISBN:978-620-2-79538-8.

[23] S. K. Datta and D. Pal, Some study on fixed point theorems in bicomplex valued metric spaces,Lambert Academic
Publishing, 2020, ISBN:978-620-2-80056-3.

[24] G. Scorza Dragoni, Sulle funzioni olomorfe di una variabile bicomplessa, Reale Accad. d’Italia, Mem. Classe
Sci. Nat. Fis. Mat., 5 (1934), 597-665.

[25] M. E. Luna-Elizarrards, M. Shapiro, D. C. Struppa and A. Vajiac, Bicomplex numbers and their elementary
functions, Cubo, 14(2) (2012), 61-80.

[26] M. E. Luna-Elizarrards, M. Shapiro, D .C. Struppa and A. Vajiac, Complex Laplacian and derivatives of
bicomplex functions, Complex Anal.Oper. Theory, 7(5) (2013), 1675-1711.

[27] R. Goyal, Bicomplex polygamma function, Tokyo J. Math., 30(2) (2007), 523-530.

[28] Jaishree, On Conjugates and modulii of bicomplex numbers, Internat. J. Engrg. Sci. Tech., 4(6) (2012), 2567 -
2575.

[29] A. Kumar, P. Kumar and P. Dixit, Maximum and minimum modulus principle for bicomplex holomorphic
functions, Internat. J. Engrg. Tech.,3(2) (2011), 1484-1491.

[30] A.Kumar and P. Kumar, Bicomplex version of Laplace transform, Internat. J. Engrg. Tech., 3(3) (2011), 225-232.

[31] R. G. Lavoie, L. Marchildon and D. Rochon, Infinite-dimensional bicomplex Hilbert spaces, Ann. Funct. Anal.,
1(2) (2010), 75-91.

[32] R. G. Lavoie, L. Marchildon and D. Rochon, Finite-dimensional bicomplex Hilbert spaces, Adv. Appl. Clifford
Algebras, 21(3) (2011), 561-581.

[33] R. G. Lavoie, L. Marchildon and D. Rochon, Hilbert space of the bicomplex quantum harmonic oscillator, AIP
Conf. Proc., 1327 (2011), 148-157.

[34] A. A. Mukheimer, Some common fixed point theorems in complex-valued b-metric spaces, Sci. World J., 2014
(2014), 1-6, Article ID 587825.

[35] Tanmoy Mitra, A common fixed point theorem in complex valued b-metric spaces, Internat. J. Adv. Sci. Tech.
Res., 4(5) (2015), 504-548,

[36] G. B. Price, An Introduction to multicomplex spaces and functions, Marcel Dekker, New York, 1991.

[37] F. Rouzkard and M. Imdad, Some common fixed point theorems on complex valued metric spaces, Computers
and Math. App., 64 (2012), 1866-1874.

[38] K.P.R. Rao, P. Ramga Swamy and J. Rajendra Prasad, A common fixed point theorem in complex-valued b-metric
spaces, Bull. Math. & Stat. Res., 1(1) (2013), 1-8.

[39] D. Rochon, A bicomplex Riemann zeta function, Tokyo J. Math., 27(2) (2004), 357-369.

[40] D. Rochon and M. Shapiro, On algebraic properties of bicomplex and hyperbolic numbers, An. Univ. Oradea.
Fasc. Mat., 11 (2004), 71-110.

[41] C. Segre, Le rappresentazioni reali delle forme complesse e gli enti iperalgebrici, Math. Ann., 40 (1892), 413-467.

[42] N. Spampinato, Estensione nel campo bicomplesso di due teoremi, del Levi-Civita e del Severi, per le funzioni
olomorfe di due variablili bicomplesse I, II, Reale Accad. Naz. Lincei, 22(6) (1935), 38-43, 96-102.

[43] N. Spampinato, Sulla Rappresentazione delle funzioni do variabile bicomplessa totalmente derivabili, Ann. Mat.
Pura Appl., 14(4) (1936), 305-325.

[44] W. Sintunavarat and P. Kumam, Common fixed point theorem for a pair of weakly compatible mappings in fuzzy
metric spaces, J. Appl. Math., 2011 (2011), Pages-14, Article ID 637958.

[45] Deepak Singh, O.P. Chauhan, Naval Singh and Vishal Joshi, common fixed point theorems in complex-valued
b-metric spaces, J. Math. Comput. Sci., 5(3) (2015), 412-429.

[46] R. Tiwari and D. P. Shukla, Six maps with a common fixed point in complex valued metric spaces, Res. J. Pure
Algebra., 2(12)(2012), 365-369.

[47] R. K. Verma and H. K. Pathak, Common fixed point theorems for a pair of mappings in complex-valued metric
spaces, J. Math. Sci. & Comp. Sci., 6 (2013), 18-26.

105



