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SOME COMMON FIXED POINT THEOREMS IN BICOMPLEX
VALUED METRIC SPACES UNDER BOTH RATIONAL TYPE
CONTRACTION AND COUPLED FIXED POINT MAPPINGS

SANJIB KUMAR DATTA!, RAKESH SARKAR?, NITYAGOPAL BISWAS® AND ASHIMA
BANDYOPADHYAY*

ABSTRACT. In the paper we investigate some common fixed point theorems for a
pair of mappings satisfying certain rational type contraction condition and having
a unique common coupled fixed point in the framework of bicomplex valued metric
spaces . Our results are the generalizations of coupled fixed point theorems of Bhatt
et. al. [3] and Savitri et. al.[13].

1. INTRODUCTION AND PRELIMINARIES

We write the set of real and complex numbers respectively as Cy and C;. Azam
et. al. [I] introduced the concept of complex valued metric spaces. Bhatt et al.[3]
proved some common fixed point theorems satisfying rational inequality and Datta
et. al.[5] proved some common fixed point theorems under the contractive condition
in C; . The concept of the coupled fixed point was first introduced by Bhaskar &
Laxikantham[2]. Kang et.al.[9] also proved some coupled fixed point theorems in C;.
Recently Savitri et.al.[13] investigated some coupled fixed point theorems in C;. There
are several numbers of generalization such as rectangular metric spaces, pseudo metric
spaces, fuzzy metric spaces, quasi metric spaces, quasi semi metric spaces, probabilis-
tic metric spaces, D-metric spaces, cone metric spaces, and bicomplex valued metric
spaces. The space Cy of bicomplex numbers and bicomplex valued metric spaces are
most important to our work. Ronn [I0] made an extensive use of complex pairs to de-
velop the algebras of quaternions and bicomplex numbers. Although both the algebras
generalize the complex algebra, the commutativity of the multiplication operation is
lost in quaternion algebra. Segre[12] treated an algebra whose elements were bicomplex
numbers. Elena et.al. [6] showed how to introduce elementary functions, such as poly-
nomials, exponential and trigonometric functions in the algebra of bicomplex numbers
as well as their inverses which is not possible in the case of quaternions incidentally.
They also showed how these elementary functions enjoy the properties that are very
similar to those enjoyed by their complex counterparts. Very recently Choi et. al.
[4] investigated some fixed point theorems in connection with two weakly compatible
mappings in Cy. Also Jebril et. al.{[7]& [§]} investigated some common fixed point
theorems under rational contraction for a pair of mappings in C,.
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The partial order relation 3 on C; is defined as follows
z1 3 22 if and only if Re(z1) < Re(z2) and Im (z1) < Im (22).

Thus z; = 29 if one of the following conditions is satisfied

(1) Re(z1) = Re(z2) and Im(z1) = Im(z2), (ii) Re(z1) < Re(z2) and Im(z1) =
Im(z2), (iii) Re(z1) = Re(z2) and Im(z1) < Im(z2), (iv) Re(z1) < Re(z2) and
Im(z1) < Im(z2).

We write 21 3 20 if 21 T 22 and 21 # 2o i.e., one of (ii), (4ii) and (iv) is satisfied and
we write 21 < zo if only (iv) is satisfied. Taking this into account some fundamental
properties of the partial order X on C; is defined as follows

(1) If 0= 21 3 22 then |z1] < |22] ;

(2) If 21 3 22,22 3 23 then 21 3 z3 and

(3) If 21 3 22 and A < 1 is a non-negative real number then \z; 3 zo.

Azam et. al. [I] defined the complex valued metric space in the following way.

Definition 1.1. [I] Let X be a non empty set and the mapping d : X x X — Cy,
satisfies the following conditions:

(d1) 0 2 d(z,y), for all z,y € X and d(x,y) = 0 if and only if z = y;

(d2) d(z,y) = d(y,z) for all z,y € X;

(d3) d(z,y) 3 d(x, z) + d(z,y), for all z,y,z € X.

Then d is called a complex valued metric on X and (X, d) is called a complex valued
metric space.

The space Cs is the first in an infinite sequence of multicomplex spaces which are
generalizations of C;.
The notion of the space Cy was defined by Segre[12] as

Co = {w : w = pg + i1p1 + dop2 + i1i2p3, p, € Co, 0 < k < 3}
e, Co={w =2 +1i222 | 21,20 € C1 },
where z1 = pg + i1p1, 22 = p2 + i1p3 and i1, io are independent imaginary units such

that i = —1 = 3. The product of i; and iy defines a hyperbolic unit j such that
42 = 1. The product of all units are commutative and satisfy

i1l = J, 1] = —l2, 2] = —i1.
Definition 1.2. For a bicomplex number w = z; + i229, the norm is denoted by

|21 + i222]| and defined by

1
2

D=

o1+ izl = (a1 + |22) " = (21 = izl + |21+ n20f)

If we take w = pg + i1p1 + iops + i1i2p3 for pr. € Co, kK =0,1,2,3 then the norm of w
is defined by

1
lwll = (p8 + pi +p3 +1p3)* .

The partial order relation =;, on Cy was defined by Choi et. al. [] as u Z;, v if
and only if u; = ug and v = vy, where uy, ug,v1,v2 € C. The bicomplex valued metric
d: X x X — Cy on a non-empty set X and the structure (X,d) on Cy were defined
by Choi et. al. [4] accordingly.

By the deduction of Rochon & Shapiro [I1] we get the results

(i) luv]l < v2[ull [Jv] for any u, v € Cy 5 .
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(1) JJuv]] = ||u|| ||v| for any u, v € Co with at least one of them is degenerated;
(1i1) H%H = m for any degenerated bicomplex number u with 0 3;, u.

Definition 1.3. The max function for the partial order =

~

i, on Cy is defined as follows
(1) max{u,v} =v & u 3, v;

(i0) w Zip max{u, v} = u Ji, v or [luf < [o];

(791) max{u,v} =v <= u 3, vor|ul <|v|.

~12

Definition 1.4. Let {z,} be an arbitrary sequence in Cy. Then {z,} is said to be
Cauchy in Cy if and only if d{zy, zn+m} < cfor all 0 < ¢ € Cy as n — oc.

Definition 1.5. Let {z,} be any Cauchy sequence in Cy. Then Cj is said to be
complete if every Cauchy sequence {z,} is converges to a point zy in Cs.

Definition 1.6. [9] An element (z,2') € X x X is called a coupled fixed point of the
mapping S : X x X — X if

S(z,2') =z and S(7,2) = 7.

Lemma 1.1. [I] Let (X, d) be a complex valued metric space and {x,} be a sequence
in X. Then {z,} is Cauchy if and only if |d(xy, Tntm)| — 0 as n — oo.

Bhatt et. al.[3] investigated the common fixed point of mappings satisfying rational
inequality in C; and obtained the following result.

Theorem 1.1. [3] Let (X,d) be a complex valued metric space. Let the mappings
S, T : X — X be satisfy

ald(x,Sz)d(z, Ty) +d(y, Ty)d(y, Sz)]
d(z,Ty) +d(y,Sz) ’
for all x,y € X, where 0 < a < 1. Then S and T have a unique common fixed point.

d(Sz,Ty) <

Recently Savitri et. al.[I3] introduced the concept of coupled fixed point in C; and
obtained the following theorem.

Theorem 1.2. [13] Let (X, d) be a complete complex valued metric space and S, 7T :
X2 — X be the mappings satisfy

d (S (z1,22),T (y1,12))

o Ld(1, 8 (21,22)) d (21, T (1, 92)) + d (21, T (y1,92)) d (21, S (21, 22))]
B d (21, T (y1,92)) d (21, S (21, 22))

for all z1,z2,y1,y2 € X, where 0 < a < 1. Then S and T have a unique common
coupled fixed point.

Our works are the generalization of the above two theorems of Bhatt et. al. [3] and
Savitri et.al.[13] and some extensions of these theorems. The purpose of this paper is
also to introduce the concepts of Choi et. al.[4] and Jebril et. al.[7] to improve the
above results in Cy. In fact we wish to explore and also extend the relevant results of
(Cl in (CQ.
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2. MAIN RESULT

In this section we prove some theorems and corollaries followed by a lemma, an
effective tool of our works.

Lemma 2.1. Let (X, d) be a bicomplex valued metric space and {z,} be a sequence
in Cy. Then {z,} is Cauchy if and only if ||d(zn, 2n+m)|| = 0 as n — oo.

Proof. We take n +m = n/. Then n’ — oo as n — oo for any positive integer m. Also
we take z, = 2, + i22n, and 2z, = Zn, + i2zn/2, where zp,, Zn,, Zpt s 2l € Cy. Now
1d(zns 2ntm)| = ld(zn, 200)[l = [l20 — 2 ||

= H(ZTH + i22n2) - (Zn’ + i2zn’)‘|

|
_ ( 2)5. (2.1)

Therefore from Equation (2.1) we get that the sequence {z,} is Cauchy in C, if and
only if the sequences {z,, } and {z,,} are Cauchy in C;. Again by Lemma(l.1)) we have
that the sequences {z,, } and {z,,} are Cauchy in C; if and only if

= H(an - Zn’l) + i2(2n, — Zné)

2
+

Zny = Zp Zny = Zpl,

|d(zn1’zn1+m1)‘ — 0 and |d(zn2a Zn2+m2)| — Oa
for some m1 and my and ni,ne — co. Therefore we get that
‘Zm - zn1+m1‘ — 0 and ‘an - an—l-mz‘ - Oa (2'2)

for some my and mgo and nj,ny — oco. Also from (2.1) & (2.2) we may conclude that
{zn} is Cauchy in C, if and only if ||d(2zpn, 2ntm)| — 0 as n — oo.
This completes the proof of the lemma. O

Theorem 2.1. Let (X, d) be a bicomplex valued metric space and S,T : X — X be

two mappings satisfying the condition

al(z,82) -d(z,TZ)+d(z',TZ) - d(, Sz)]
d(z,T2')+d(',Sz)

for all 2,2’ € X and 0 < a < 1. Then S and T have a unique common fixed point in
X.

d(Sz,TZ) 3, (2.3)

Proof. Let zy be any arbitrary point in X. We construct a sequence {z,} in the following
way

Szn = 2zpt1 and Tzpi1 = 2Zpao, n=0,1,2,3,---
then we have

d(2nt1, Znt2) = d(Szn, Tzny1)
<. ald(zn, Szn) - d(zn, Tznt1) + d(2n+1, Tznt1) - d(Zng1, Szn))
~ d(2n, Tzn1) + d(2n41,S2n)
_ ald(zn, 2nt1) - d(zn, Zn2) + d(Zns1; Znt2) - d(znt1s 2n41)]
d(2n; 2n+2) + d(2n+1, 2n+1)

o [d(zrw Zn—i—l) : d(zn7 Zn+2)] =
% d ny ~n .
d(zn7zn+2) ~ol2 @ (Z Z +1>

~J12
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Consequently for n > 0, we obtain that
d(zn—i-l’ Zn+2) < ad(zn, Zn-‘,—l) < a2d(zn_1, Zn) <..< O/H-ld(zm Zl)-
Therefore for any m > n we get that

d<2m7 Zn) jig d(zna Zn-‘,—l) + d(zn+17 Zn+2) + ...+ d<2m—17 Zm)
a"d(z9, 21) + (29, 21) + ... + @™ d(20, 21)

~J12
n

«
d
— d(z0,21),

={a"+ o™+ .+ a™ 1 d(20,21) = 1

which implies that

n

ld(zms 20}l < 7= lld(z0, 20)I. (2.4)

-«

Now on taking n — oo we get that -~ — 0 and hence ||d(zp,, 2,)|| — 0. Therefore
using Lemma we can say that {z,} is Cauchy in X. Again since X is a complete
therefore the sequence {z,} converges to a point u in X. Now we have to show that
Su = u. If not, then d(Su,u) = p (say) for some p > 0. So using (2.3]) we get

P Sip AU, 2nt2) + d(znt2, Su) = d(u, zp42) + d(Su, Tzp41)
ald(u, Su)d(u, Tzp+1) + d(znt1, Tzns1)d(2ns1, Su)]
d(u, Tzps1) + d(2p+1, Su)

a[p-d(u, zni2) + d(zn11, 2nt2)d(2n41, Su)]
d(’LL, Zn+2) + d(szrl? SU)

Dy d(u, Zny2) +

jiz d(“? ZTL+2) +

)

which implies that

o 2([lpll - ld(u, 2n42)ll + d(zn 11, z012) | (2011, Su)]
ld(u, 2n+2) + d(zn41, Su)|

Taking limit as n — oo we get that ||d(u, zp4+2)|| — 0 and ||d(zn+1, 2nt2)|| — 0. Also
we have

Ipll < lld(u, zn+2)l + (2.5)

ofllpl - lld(u, 2n42) ]| + V2 | d(zns1, zns2)ll ld(znr1, Su)ll] — 0 as n — oo.

So implies that ||p|| < 0, a contradiction. Therefore ||p|| = 0 and hence Su = wu.
Similarly we obtain that Tw = u. Hence S and T have a common fixed point in X.
Uniqueness:
Now we show that S and T have a unique common fixed point. For this let us
assume that u* be another common fixed point of S and T. Then we have

al(u, Su) - d(u, Tu*) + d(u*, Tu*) - d(u*, Su)]

d(Su, Tu*) =; ,
(S, Tu™) i d(u, Tu*) + d(u*, Su)
which implies that ||d(Su,Tu*)|| < 0 and hence u = u*.
Thus the proof of the theorem is established. O

Corollary 2.1. Let (X, d) be a bicomplex valued metric space and 7' : X — X be the
mapping satisfying the condition
[d(z, T"2)d(z,T™2") + d(2', T™2")d(z', T"2)]
d(z,Trz") +d(=',T"=z)
forall 2,2/ € X, 0 < a < 1and n € N. Then T has a unique common fixed point in X.

d(T"z,T"Z) =i,
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Proof. Setting S = T in (Z3) and using the result (23] inductively we may easily
prove the corollary. O

Theorem 2.2. Let (X, d) be a complete bicomplex valued metric space and the map-
pings S, T : X — X be two mappings satisfying

(2.6)

d(S2,T) Ziy ad(z, 2') + f max {d(z, ), Bd(z82)d(, T<) } ,

14+d(Sz,T%)
for all z, 2’ € X such that z # z’and «, 8 are nonnegative reals with a+ 8 < 1. Then
S and T have a unique common fixed point.

Proof. Let zg be an arbitrary point in X and define 29141 = Sz, 2ok12 = T20p+1,
k=0,1,2,3,---. Then we have

d(22k+1, 226+2) = d(Szak, T22k+1)
d (22K, Szok) d (22k+1, T Z2k+1) }
1+ d (Szok, T2or41)

d (22k, 22k+1) d (22k+1, 22k42) } (2.7)
1 +d (228641, 22k+2)
Again we know that d (zox41, 2264+2) < 1 + d (22841, 22k+2) . Therefore we have

iy ad(zok, Z2k41) + fmax {d(z%, Zok41)s

Zip ad(22k, 22k+1) + S max {d(zzk, 22k+41),

d (22k+1, 22k-+2)

<1,
1+ d (22k+1, 22k+2)
which yields that
d (22K, z2k+1) d (22611, 22k+2)
d =d . 2.8
max{ (22K, 22k+1)s & d (sorr1, 2msa) (22K, 22k+1) (2.8)

Therefore from(2.7) & (2.8]) we obtain that

d(22k41, 22k42) S ad(2op, 2ok+1) + Bd(2o, 22k41) T (a0 + B)d(22k, 22k41)- (2.9)
Now taking norm on both side of (2.9)), we have
|d(zak+1, 226+2) | < (o + B) [|d(22k, 22k41) | - (2.10)

Similarly we get that
d(zok+2, 2ok+3) = d(T 22141, S2ok42) = d(Szop+2, T22k41)

d (2242, Szop42) d (22k+1, T22841) }
1 +d(Szanq2, T2or41)

d (22k+2, 22k+3) d (22k+1, 22k+2) }
1+ d (22143, 22K+2) '

Sio ad(22k42, Z2+1) + [ max {d(32k+27 22k+1)5

iy ad(z2p42, 22k41) + B max {d(22k+2, 22k41);5

(2.11)

Also we have d (29512, 22k+3) < 1+ d (2242, 22k43) -
d (2242, 22k 13)

i.e.,
1+ d (22142, 22k+3)

<1,

which implies that

d (2ok+2, 22k+3) d (22k41, 22k+2)
1+ d (2243, 22k+2)

max {d(z2k+2, 22k41)- } = d(zok+42, 22k+1).  (2.12)
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Therefore by (2.11]) & (2.12) we obtain that

||d(z2k+3, 22k+2)|| < (a0 + B) ||d(22x+2, 22x+1)]|

Le., [[d(z2k+2, 22643)|| < (a0 + B) [|d(22k+1, z26+2)]] - (2.13)
So by (2.10) & (2.13)) and using 6 = a+ 8 < 1 we have
ld(zn11, 2n12)l] < 0 [|d(zn; 2nr1)|] < 4o+ 6" ||d(20, 21)|| for all n € N.

Also for any m > n, we obtain that

Id (zn; Znam) || < [ld (20, 20 )] + [Id (Zn1s zng2) ] + - 4 lld (Zrgm—1, Znam) ||
< 8"+ 0" L+ 8T |d (20, 21) ]
577,
< 7 1z, 20)l

Hence ||d (2, zntm)|| < 125 ||d(20, 21)|| = 0 as n — oo for an m(> n) € N. Therefore
{zn} is Cauchy. Since C; is complete, there exists some u € Cg such that z, — u as
n — oo. Thus we get

lim Sz, = lim Tz9,11 = u = Su.
n—oo n—od

If possible let u # Su. Then d (u, Su) = p > 0. Now we can write
P iy d(u, 22612) + d (22542, Su) = d (u, 22142) + d (T22k41, Su)
d(u, Su)d(z2k+1, Tzok+1) }
1+ d(T221+1, Su)

d(u, Su)d(zok+1, 22k+2) }
1+ d(zop42, Su) ’

iy d(u, 2op42) + ad(zop 41, u) + S max {d(22k+1, u),

= d(u, zok+2) + ad(z954+1,u) + [ max {d(zzkH, u),

which implies that
|Ipll < [ld(u, zor42)|] + a[|d (2241, )]

V2|l d(u, Su)|l |d(221+1, z26+2) | }

11+ d(zar+2, Su)

Therefore by taking limit as n — oo we get ||p|| < 0, a contradiction. So we have
u = Swu. Similarly we can show that u = T'u. Therefore u is a common fixed point of S
and T.

Uniqueness:

To prove the uniqueness of common fixed point of S and T, let us assume that
u* € X be another common fixed point of S and T". Then we have Su* = Tu* = u*.
Now

+/3 max { |d(zok+1, )]l ,

~12

d(u’ u*) - d(Su’ TU*) S ad(uv U*) + 5max {d(U, U*)’ d(u’ Su>d(u*7 Tu*) } 3

1+ d(Su, Tu*)
implies that
du, u*) Ziy ad(u,u”) + Bd(u, u*) = (@ + B)d(u, u”).

Therefore we obtain that
|d(u, u*)|| <6 |[d(u, u")]],

Volume XII1, Issue I, 2021 Page No: 33



Journal of Xi‘an University of Architecture & Technology ISSN No : 1006-7930

8 S. K. DATTA, R. SARKAR, N. BISWAS AND A. BANDYOPADHYAY

with § < 1, a contradiction. Therefore we get u* = u. This proves the uniqueness of
common fixed point.
Hence the proof of the theorem is established. O

Corollary 2.2. Let (X, d) be a complete bicomplex valued metric space and T : X —
X be the mapping satisfying

d(TZ,Tz’) jiz Oéd(z, Z,) + Bmax {d(% z/)7 gd (Z,TZ) d(z’sz/) } |

1+d(TzTz)

for all 2z, 2/ € X such that z # z’and «, 8 are non negative real numbers with a+ 8 < 1.

Then T has a unique common fixed point in X.

Proof. Setting S =T in (2.6)) we may easily prove the result. O

Theorem 2.3. Let (X, d) be a bicomplex valued metric space and S, T : X x X — X

be two mappings satisfying

[d(z1, 5 (21, 22))d(21, T(21, 7)) + d(21, T'(21, %)) (21, S (21, 22))]
d(Zl,T(Zi,Zé)) +d(zia‘9(21722)) ’

for all z1,22,27,25, € X and 0 < o < 1. Then S and T have a unique coupled fixed
point.

d(S(Zl,ZQ)v T(Zi, Zé)) ;jlé «a

Proof. We construct the sequences {z,} and {z],} in X for any two arbitrary point
20,2y € X such a way that z,4.1 = S(2n,2),), 2n42 = T(2n41,2,4) and 2/, | =
S(2ys 2n)s Zppo = T(2), 415 Znt1), foralln =0,1,2,---. Now

d(zn-f-l? Z’VH-?) = d(S(znv Z:?,)’ T(Zn-i-l? Z:?A*l))

=< ad(zn, S(2n, 2n)) - d(2n, T (2041, Zn41)) + d(Zns1, T (20t 2ng1)) - d(zngr, S(zn, )]
~ d(zm T(Zn+1, Z;H—l)) + d(zn-‘rlv S(znv Z%))

_ Oé[d(Zn, Zn+1) : d(zru Zn+2) + d(zn—l-la zn+2)d(zn+17 Zn—l—l)] _ ad(z - +1) for all n. > 0.

d(Zn, zn+2) + d(szrla Zn+1)

Hence we have
A(Zn41, Znir2) Diz (20, 2ns1) Dip Pd(Zn—1,2n) iy - Ziy " Td(20, 21).
Now for m > n, we obtain that
d(zn, 2m) Siy d(2n, 2nt1) + d(2n+1, Zng42) + oo + d(Zm—1, 2m)
= a"d(zg,21) + a" " d(z0, 21) + ... + ™ Ld(20, 21)

= a"d(z0, 21){l +a+a’+..+am "1}
an

= 1_ ad(ZO, 2’1),

implying that

n

(07
Iz, 2m)]) < 72—

ld(z0, z1)|| -

So we have ||d(zn, zm)|| — 0 as n,m — oco. Hence {z,} is a Cauchy sequence. Also

d(2p 11, 2nt2) = d(S (205 2), T(2p41 2n41))

Volume XII1, Issue I, 2021 Page No: 34



Journal of Xi‘an University of Architecture & Technology ISSN No : 1006-7930

SOME COMMON FIXED POINT THEOREMS IN BICOMPLEX VALUED METRIC SPACES... 9

<. Oé[d(Z;, S('Z;L’ Z'ﬂ)) ’ d('Z;w T(Z;H-lv Zn-H)) + d(z7lm+17 T(Z;z—i-l? Zn+1>)d<2;+1, S(z;w Zn))]
~ d(z, T (Zp41, 2n+1)) + d(25 11, S(27,, 2n))
ald(zy; 2p41) - A2, 2pga) + (20415 2pg0) (2405 2041

- <. ad Z/ z/
d(2p,, 2, 10) T d(2), 11, 2 11) Sio @d(zp, 2p41),

which implies that
(241, Znya) Sie @d(2, 2,1), for all n > 0.

Hence we get that

A2y 1 2y 12) Din (2}, 2 41) Dip (21, 20) iy - S " THd(20, 21).

Now for m > n, we have

d(Z;u z;n) fﬂ'z d(z;w Z;H-l) + d(zfz—i-l? Z7/1++2) +o Tt d(zin—lv Z7In)

= a"d(z, 21) + " (2, 2)) + ... + o™ hd(zp, )

=a"d(zh, 2){1 +a+a?®+ . ..am )

o 1o

= ﬁd(zm 1)
Therefore we have (2}, 20,) | < 25 |d(zh: 2D - 1w (2], 24)]| = 0 as m,m — o0,
This implies that {z],} is also Cauchy in X. So {z,} and {z],} are Cauchy in X. Again
since X is complete, 3 z, 2/ € X such that {z,} and {z],} converges to z, 2’ respectively.
Now we will show that S(z,2") = z. If not then 3 z € X such that d(S(z,2'),z) = 2z
where ||Z|| > 0. Now

z :5@ d(z7 Z’VH-?) + d(zn+27 S(Zv z/)) = d(z7 Z’VH-Q) + d(S(Z, Z/>7 T(Zn-f—h Z’;Iri’].))

[d(z7 5(27 z/))d(z, T(Zn-i-l? Z’;’L+1)) + d((zn-‘rlv T(Zn-i-l? Z’;LJrl)d(ZnJFl’ 5(27 2,))]
d(za T(szrl’ Zn+1)) + d(2n+1, S(Z, Z/))

2 d(2, 213) + d{(srs ms2)d (s, S(2,2))]

d('z? Zn+2) + d(szrlv S(Za Z/))

in d(za Zn+2) +a

=d(z,2p42) + @

)

which implies that
2] l1d (2, 2n2) (| + 1d((znt1, 2ns2) || | d(2nt1, S (2, 2)]
”d(zv ZTL+2) =+ d(zn+17 S(Za Z/))H

On taking limit as n — oo we get ||Z|| < 0, a contradiction. So ||Z|| = 0 and S(z,2) = =.
Also if possible, let d(S(2/, z),2’) =t with ||¢|| > 0. Then we have

t3i d(zlv Z;L+2)+d(z7l’b+27 S(Z/a Z)) = d(zl) Z':z+2)+d(s(z/7 Z)T(Z;m—&-lv Zn+1)

~12
[d(=', (', 2)d(, T(Zh sy, 2ut) + Az 1, T (e, 2001)d (s S 2))]
d(2', Tz 415 Zn41)) + d(2741,5(2, 2))
[td(zlv Z;1+2) + d(z;wrl? Z;L+2)d(’z;l+17 5(2/7 Z))]
d(zlv '21,1+2) + d(Z;H_l, 5(2/7 Z)) ’

121l < [ld(z, zn+2) | + V20

ji2 d(zla Z;I+2) +a

=d(#, z;l+2) + «

which implies that

(/2] Hd(z’a%m)“ + Hd(ZZHaZ;H)H Hd(zﬁ+175(zl,z)>m‘

t| < ||d(, 2 2
Il < H (2 7Zn+2)H +V2a Hd(2/72711+2) +d(Z;L+1,S(Z,;Z))H
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On taking limit as n — oo we get that ||{|| < 0, a contradiction. Therefore ¢ = 0
and S(z/,z) = 2. Similarly, we may show that T'(z,2) = z and T'(2/,z) = 2’. Hence
(z,2') is the common coupled fixed point of S and 7.

Uniqueness:

For uniqueness, let us suppose that (u,v) be another common coupled fixed point
of S and T. Then

B L . - [d(z, S(%, 2"))d(z, T(u,v)) + d(u, T (u,v))d(u, S(z, 2"))]
d(z,u) - d(S( ) )7T( ’ )) jlz d(z,T(u,v)) + d(u,S(z,z')) :

Therefore we get || d(z,u)|| < 0 i.e., z = u. Similarly, we may show that 2/ = v. So
(z,2') is the unique common coupled fixed point for S and T.
This completes the proof of the theorem. O

3. FUTURE PROSPECT

In the line of the works as carried out in the paper one may think of the deduction of
fixed point theorems using fuzzy metric, quasi metric, partial metric and other different
types of metrices under the flavour of bicomplex analysis. This may be an active area
of research to the future workers in this branch.
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