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SOME COMMON FIXED POINT THEOREMS IN BICOMPLEX

VALUED METRIC SPACES UNDER BOTH RATIONAL TYPE

CONTRACTION AND COUPLED FIXED POINT MAPPINGS

SANJIB KUMAR DATTA1, RAKESH SARKAR2, NITYAGOPAL BISWAS3 AND ASHIMA
BANDYOPADHYAY4

Abstract. In the paper we investigate some common fixed point theorems for a
pair of mappings satisfying certain rational type contraction condition and having
a unique common coupled fixed point in the framework of bicomplex valued metric
spaces . Our results are the generalizations of coupled fixed point theorems of Bhatt
et. al. [3] and Savitri et. al.[13].

1. Introduction and Preliminaries

We write the set of real and complex numbers respectively as C0 and C1. Azam
et. al. [1] introduced the concept of complex valued metric spaces. Bhatt et al.[3]
proved some common fixed point theorems satisfying rational inequality and Datta
et. al.[5] proved some common fixed point theorems under the contractive condition
in C1 . The concept of the coupled fixed point was first introduced by Bhaskar &
Laxikantham[2]. Kang et.al.[9] also proved some coupled fixed point theorems in C1.
Recently Savitri et.al.[13] investigated some coupled fixed point theorems in C1. There
are several numbers of generalization such as rectangular metric spaces, pseudo metric
spaces, fuzzy metric spaces, quasi metric spaces, quasi semi metric spaces, probabilis-
tic metric spaces, D-metric spaces, cone metric spaces, and bicomplex valued metric
spaces. The space C2 of bicomplex numbers and bicomplex valued metric spaces are
most important to our work. Ronn [10] made an extensive use of complex pairs to de-
velop the algebras of quaternions and bicomplex numbers. Although both the algebras
generalize the complex algebra, the commutativity of the multiplication operation is
lost in quaternion algebra. Segre[12] treated an algebra whose elements were bicomplex
numbers. Elena et.al. [6] showed how to introduce elementary functions, such as poly-
nomials, exponential and trigonometric functions in the algebra of bicomplex numbers
as well as their inverses which is not possible in the case of quaternions incidentally.
They also showed how these elementary functions enjoy the properties that are very
similar to those enjoyed by their complex counterparts. Very recently Choi et. al.
[4] investigated some fixed point theorems in connection with two weakly compatible
mappings in C2. Also Jebril et. al.{[7]& [8]} investigated some common fixed point
theorems under rational contraction for a pair of mappings in C2.
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2 S. K. DATTA, R. SARKAR, N. BISWAS AND A. BANDYOPADHYAY

The partial order relation - on C1 is defined as follows

z1 - z2 if and only if Re(z1) ≤ Re (z2) and Im (z1) ≤ Im (z2) .

Thus z1 - z2 if one of the following conditions is satisfied
(i) Re(z1) = Re(z2) and Im(z1) = Im(z2), (ii) Re(z1) < Re(z2) and Im(z1) =

Im(z2), (iii) Re(z1) = Re(z2) and Im(z1) < Im(z2), (iv) Re(z1) < Re(z2) and
Im(z1) < Im(z2).

We write z1 � z2 if z1 - z2 and z1 6= z2 i.e., one of (ii), (iii) and (iv) is satisfied and
we write z1 ≺ z2 if only (iv) is satisfied. Taking this into account some fundamental
properties of the partial order - on C1 is defined as follows

(1) If 0 - z1 - z2 then |z1| < |z2| ;
(2) If z1 - z2, z2 - z3 then z1 - z3 and
(3) If z1 - z2 and λ < 1 is a non-negative real number then λz1 - z2.
Azam et. al. [1] defined the complex valued metric space in the following way.

Definition 1.1. [1] Let X be a non empty set and the mapping d : X × X → C1,
satisfies the following conditions:

(d1) 0 - d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) - d(x, z) + d(z, y), for all x, y, z ∈ X.
Then d is called a complex valued metric on X and (X, d) is called a complex valued

metric space.

The space C2 is the first in an infinite sequence of multicomplex spaces which are
generalizations of C1.

The notion of the space C2 was defined by Segre[12] as

C2 = {w : w = p0 + i1p1 + i2p2 + i1i2p3, pk ∈ C0, 0 ≤ k ≤ 3}
i.e., C2 = {w = z1 + i2z2 | z1, z2 ∈ C1} ,

where z1 = p0 + i1p1, z2 = p2 + i1p3 and i1, i2 are independent imaginary units such
that i21 = −1 = i2. The product of i1 and i2 defines a hyperbolic unit j such that
j2 = 1. The product of all units are commutative and satisfy

i1i2 = j, i1j = −i2, i2j = −i1.

Definition 1.2. For a bicomplex number w = z1 + i2z2, the norm is denoted by
‖z1 + i2z2‖ and defined by

‖z1 + i2z2‖ =
(
|z1|2 + |z2|2

) 1
2

=
(
|z1 − i1z2|2 + |z1 + i1z2|2

) 1
2
.

If we take w = p0 + i1p1 + i2p2 + i1i2p3 for pk ∈ C0, k = 0, 1, 2, 3 then the norm of w
is defined by

‖w‖ =
(
p20 + p21 + p22 + p23

) 1
2 .

The partial order relation -i2 on C2 was defined by Choi et. al. [4] as u -i2 v if
and only if u1 - u2 and v1 - v2, where u1, u2, v1, v2 ∈ C. The bicomplex valued metric
d : X × X → C2 on a non-empty set X and the structure (X, d) on C2 were defined
by Choi et. al. [4] accordingly.

By the deduction of Rochon & Shapiro [11] we get the results
(i) ‖uv‖ ≤

√
2 ‖u‖ ‖v‖ for any u, v ∈ C2 ; .

Journal of Xi'an University of Architecture & Technology

Volume XIII, Issue I, 2021

ISSN No : 1006-7930

Page No: 28



SOME COMMON FIXED POINT THEOREMS IN BICOMPLEX VALUED METRIC SPACES... 3

(ii) ‖uv‖ = ‖u‖ ‖v‖ for any u, v ∈ C2 with at least one of them is degenerated;
(iii)

∥∥ 1
u

∥∥ = 1
‖u‖ for any degenerated bicomplex number u with 0 �i2 u.

Definition 1.3. The max function for the partial order -i2 on C2 is defined as follows

(i) max{u, v} = v ⇔ u -i2 v;

(ii) u -i2 max{u, v} =⇒ u -i2 v or ‖u‖ ≤ ‖v‖ ;

(iii) max{u, v} = v ⇐⇒ u -i2 v or ‖u‖ ≤ ‖v‖ .

Definition 1.4. Let {zn} be an arbitrary sequence in C2. Then {zn} is said to be
Cauchy in C2 if and only if d{zn, zn+m} ≺ c for all 0 ≺ c ∈ C2 as n→∞.

Definition 1.5. Let {zn} be any Cauchy sequence in C2. Then C2 is said to be
complete if every Cauchy sequence {zn} is converges to a point z0 in C2.

Definition 1.6. [9] An element (z, z′) ∈ X ×X is called a coupled fixed point of the
mapping S : X ×X → X if

S(z, z′) = z and S(z′, z) = z′.

Lemma 1.1. [1] Let (X, d) be a complex valued metric space and {xn} be a sequence
in X. Then {xn} is Cauchy if and only if |d(xn, xn+m)| → 0 as n→∞.

Bhatt et. al.[3] investigated the common fixed point of mappings satisfying rational
inequality in C1 and obtained the following result.

Theorem 1.1. [3] Let (X, d) be a complex valued metric space. Let the mappings
S, T : X → X be satisfy

d (Sx, Ty) ≤ a [d (x, Sx) d (x, Ty) + d (y, Ty) d (y, Sx)]

d (x, Ty) + d (y, Sx)
,

for all x, y ∈ X, where 0 ≤ a < 1. Then S and T have a unique common fixed point.

Recently Savitri et. al.[13] introduced the concept of coupled fixed point in C1 and
obtained the following theorem.

Theorem 1.2. [13] Let (X, d) be a complete complex valued metric space and S, T :
X2 → X be the mappings satisfy

d (S (x1, x2) , T (y1, y2))

≤ α [d (x1, S (x1, x2)) d (x1, T (y1, y2)) + d (x1, T (y1, y2)) d (x1, S (x1, x2))]

d (x1, T (y1, y2)) d (x1, S (x1, x2))

for all x1, x2, y1, y2 ∈ X, where 0 ≤ α < 1. Then S and T have a unique common
coupled fixed point.

Our works are the generalization of the above two theorems of Bhatt et. al. [3] and
Savitri et.al.[13] and some extensions of these theorems. The purpose of this paper is
also to introduce the concepts of Choi et. al.[4] and Jebril et. al.[7] to improve the
above results in C2. In fact we wish to explore and also extend the relevant results of
C1 in C2.
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4 S. K. DATTA, R. SARKAR, N. BISWAS AND A. BANDYOPADHYAY

2. Main Result

In this section we prove some theorems and corollaries followed by a lemma, an
effective tool of our works.

Lemma 2.1. Let (X, d) be a bicomplex valued metric space and {zn} be a sequence
in C2. Then {zn} is Cauchy if and only if ‖d(zn, zn+m)‖ → 0 as n→∞.

Proof. We take n+m = n′. Then n′ →∞ as n→∞ for any positive integer m. Also
we take zn = zn1 + i2zn2 and zn′ = zn′

1
+ i2zn′

2
, where zn1 , zn2 , zn′

1
, zn′

2
∈ C1. Now

‖d(zn, zn+m)‖ = ‖d(zn, zn′)‖ = ‖zn − zn′‖
= ‖(zn1 + i2zn2)− (zn′ + i2zn′)‖

=
∥∥∥(zn1 − zn′

1
) + i2(zn2 − zn′

2
)
∥∥∥

=

(∣∣∣zn1 − zn′
1

∣∣∣2 +
∣∣∣zn2 − zn′

2

∣∣∣2) 1
2

. (2.1)

Therefore from Equation (2.1) we get that the sequence {zn} is Cauchy in C2 if and
only if the sequences {zn1} and {zn2} are Cauchy in C1. Again by Lemma(1.1) we have
that the sequences {zn1} and {zn2} are Cauchy in C1 if and only if

|d(zn1 , zn1+m1)| → 0 and |d(zn2 , zn2+m2)| → 0,

for some m1 and m2 and n1, n2 →∞. Therefore we get that

|zn1 − zn1+m1 | → 0 and |zn2 − zn2+m2 | → 0, (2.2)

for some m1 and m2 and n1, n2 → ∞. Also from (2.1) & (2.2) we may conclude that
{zn} is Cauchy in C2 if and only if ‖d(zn, zn+m)‖ → 0 as n→∞.

This completes the proof of the lemma. �

Theorem 2.1. Let (X, d) be a bicomplex valued metric space and S, T : X → X be
two mappings satisfying the condition

d(Sz, Tz′) -i2
α [(z, Sz) · d(z, Tz′) + d(z′, T z′) · d(z′, Sz)]

d(z, Tz′) + d(z′, Sz)
(2.3)

for all z, z′ ∈ X and 0 ≤ α < 1. Then S and T have a unique common fixed point in
X.

Proof. Let z0 be any arbitrary point inX.We construct a sequence {zn} in the following
way

Szn = zn+1 and Tzn+1 = zn+2, n = 0, 1, 2, 3, · · ·
then we have

d(zn+1, zn+2) = d(Szn, T zn+1)

-i2
α [d(zn, Szn) · d(zn, T zn+1) + d(zn+1, T zn+1) · d(zn+1, Szn)]

d(zn, T zn+1) + d(zn+1, Szn)

=
α [d(zn, zn+1) · d(zn, zn+2) + d(zn+1, zn+2) · d(zn+1, zn+1)]

d(zn, zn+2) + d(zn+1, zn+1)

-i2
α [d(zn, zn+1) · d(zn, zn+2)]

d(zn, zn+2)
-i2 αd(zn, zn+1).
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SOME COMMON FIXED POINT THEOREMS IN BICOMPLEX VALUED METRIC SPACES... 5

Consequently for n ≥ 0, we obtain that

d(zn+1, zn+2) ≤ αd(zn, zn+1) ≤ α2d(zn−1, zn) ≤ ... ≤ αn+1d(z0, z1).

Therefore for any m > n we get that

d(zm, zn) -i2 d(zn, zn+1) + d(zn+1, zn+2) + ...+ d(zm−1, zm)

-i2 α
nd(z0, z1) + αn+1d(z0, z1) + ...+ αm−1d(z0, z1)

= {αn + αn+1 + ...+ αm−1}d(z0, z1) =
αn

1− α
d(z0, z1),

which implies that

‖d(zm, zn)‖ ≤ αn

1− α
‖d(z0, z1)‖ . (2.4)

Now on taking n → ∞ we get that αn

1−α → 0 and hence ‖d(zm, zn)‖ → 0. Therefore

using Lemma 2.1 we can say that {zn} is Cauchy in X. Again since X is a complete
therefore the sequence {zn} converges to a point u in X. Now we have to show that
Su = u. If not, then d(Su, u) = p (say) for some p > 0. So using (2.3 ) we get

p -i2 d(u, zn+2) + d(zn+2, Su) = d(u, zn+2) + d(Su, Tzn+1)

-i2 d(u, zn+2) +
α[d(u, Su)d(u, Tzn+1) + d(zn+1, T zn+1)d(zn+1, Su)]

d(u, Tzn+1) + d(zn+1, Su)

-i2 d(u, zn+2) +
α[p.d(u, zn+2) + d(zn+1, zn+2)d(zn+1, Su)]

d(u, zn+2) + d(zn+1, Su)
,

which implies that

‖p‖ ≤ ‖d(u, zn+2)‖+
α
√

2[‖p‖ · ‖d(u, zn+2)‖+ ‖d(zn+1, zn+2)‖ ‖d(zn+1, Su)‖]
‖d(u, zn+2) + d(zn+1, Su)‖

. (2.5)

Taking limit as n → ∞ we get that ‖d(u, zn+2)‖ → 0 and ‖d(zn+1, zn+2)‖ → 0. Also
we have

α[‖p‖ · ‖d(u, zn+2)‖+
√

2 ‖d(zn+1, zn+2)‖ ‖d(zn+1, Su)‖]→ 0 as n→∞.
So (2.5) implies that ‖p‖ ≤ 0, a contradiction. Therefore ‖p‖ = 0 and hence Su = u.
Similarly we obtain that Tu = u. Hence S and T have a common fixed point in X.

Uniqueness:
Now we show that S and T have a unique common fixed point. For this let us

assume that u∗ be another common fixed point of S and T . Then we have

d(Su, Tu∗) -i2
α [(u, Su) · d(u, Tu∗) + d(u∗, Tu∗) · d(u∗, Su)]

d(u, Tu∗) + d(u∗, Su)
,

which implies that ‖d(Su, Tu∗)‖ ≤ 0 and hence u = u∗.
Thus the proof of the theorem is established. �

Corollary 2.1. Let (X, d) be a bicomplex valued metric space and T : X → X be the
mapping satisfying the condition

d(Tnz, Tnz′) -i2
[d(z, Tnz)d(z, Tnz′) + d(z′, Tnz′)d(z′, Tnz)]

d(z, Tnz′) + d(z′, Tnz)

for all z, z′ ∈ X, 0 ≤ α < 1 and n ∈ N. Then T has a unique common fixed point in X.
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6 S. K. DATTA, R. SARKAR, N. BISWAS AND A. BANDYOPADHYAY

Proof. Setting S = T in (2.3) and using the result (2.5) inductively we may easily
prove the corollary. �

Theorem 2.2. Let (X, d) be a complete bicomplex valued metric space and the map-
pings S, T : X → X be two mappings satisfying

d(Sz, Tz′) -i2 αd(z, z′) + βmax

{
d(z, z′),

βd (z, Sz) d (z′, T z′)

1 + d(Sz, Tz′)

}
, (2.6)

for all z, z′ ∈ X such that z 6= z′and α, β are nonnegative reals with α+ β < 1. Then
S and T have a unique common fixed point.

Proof. Let z0 be an arbitrary point in X and define z2k+1 = Sz2k, z2k+2 = Tz2k+1,
k = 0, 1, 2, 3, · · ·. Then we have

d(z2k+1, z2k+2) = d(Sz2k, T z2k+1)

-i2 αd(z2k, z2k+1) + βmax

{
d(z2k, z2k+1),

d (z2k, Sz2k) d (z2k+1, T z2k+1)

1 + d (Sz2k, T z2k+1)

}
-i2 αd(z2k, z2k+1) + βmax

{
d(z2k, z2k+1),

d (z2k, z2k+1) d (z2k+1, z2k+2)

1 + d (z2k+1, z2k+2)

}
. (2.7)

Again we know that d (z2k+1, z2k+2) < 1 + d (z2k+1, z2k+2) . Therefore we have

d (z2k+1, z2k+2)

1 + d (z2k+1, z2k+2)
< 1,

which yields that

max

{
d(z2k, z2k+1),

d (z2k, z2k+1) d (z2k+1, z2k+2)

1 + d (z2k+1, z2k+2)

}
= d(z2k, z2k+1). (2.8)

Therefore from(2.7) & (2.8) we obtain that

d(z2k+1, z2k+2) - αd(z2k, z2k+1) + βd(z2k, z2k+1) - (α+ β)d(z2k, z2k+1). (2.9)

Now taking norm on both side of (2.9), we have

‖d(z2k+1, z2k+2)‖ ≤ (α+ β) ‖d(z2k, z2k+1)‖ . (2.10)

Similarly we get that

d(z2k+2, z2k+3) = d(Tz2k+1, Sz2k+2) = d(Sz2k+2, T z2k+1)

-i2 αd(z2k+2, z2k+1) + βmax

{
d(z2k+2, z2k+1),

d (z2k+2, Sz2k+2) d (z2k+1, T z2k+1)

1 + d (Sz2k+2, T z2k+1)

}
-i2 αd(z2k+2, z2k+1) + βmax

{
d(z2k+2, z2k+1),

d (z2k+2, z2k+3) d (z2k+1, z2k+2)

1 + d (z2k+3, z2k+2)

}
.

(2.11)
Also we have d (z2k+2, z2k+3) < 1 + d (z2k+2, z2k+3) .

i.e.,
d (z2k+2, z2k+3)

1 + d (z2k+2, z2k+3)
< 1,

which implies that

max

{
d(z2k+2, z2k+1),

d (z2k+2, z2k+3) d (z2k+1, z2k+2)

1 + d (z2k+3, z2k+2)

}
= d(z2k+2, z2k+1). (2.12)
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Therefore by (2.11) & (2.12) we obtain that

||d(z2k+3, z2k+2)|| ≤ (α+ β) ||d(z2k+2, z2k+1)||

i.e., ||d(z2k+2, z2k+3)|| ≤ (α+ β) ||d(z2k+1, z2k+2)|| . (2.13)

So by (2.10) & (2.13) and using δ = α+ β < 1 we have

||d(zn+1, zn+2)|| ≤ δ ||d(zn, zn+1)|| ≤ +...+ δn+1 ||d(z0, z1)|| for all n ∈ N.
Also for any m > n, we obtain that

||d (zn, zn+m)|| ≤ ||d (zn, zn+1)||+ ||d (zn+1, zn+2)||+ ...+ ||d (zn+m−1, zn+m)||
≤

∣∣δn + δn+1 + ...+ δn+m−1
∣∣ ||d (z0, z1)||

≤ δn

1− δ
||d(z0, z1)|| .

Hence ||d (zn, zn+m)|| ≤ δn

1−δ ||d(z0, z1)|| → 0 as n → ∞ for an m(> n) ∈ N. Therefore

{zn} is Cauchy. Since C2 is complete, there exists some u ∈ C2 such that zn → u as
n→∞. Thus we get

lim
n→∞

Sz2n = lim
n→∞

Tz2n+1 = u = Su.

If possible let u 6= Su. Then d (u, Su) = p > 0. Now we can write

p -i2 d (u, z2k+2) + d (z2k+2, Su) = d (u, z2k+2) + d (Tz2k+1, Su)

-i2 d(u, z2k+2) + αd(z2k+1, u) + βmax

{
d(z2k+1, u),

d(u, Su)d(z2k+1, T z2k+1)

1 + d(Tz2k+1, Su)

}
= d(u, z2k+2) + αd(z2k+1, u) + βmax

{
d(z2k+1, u),

d(u, Su)d(z2k+1, z2k+2)

1 + d(z2k+2, Su)

}
,

which implies that

||p|| ≤ ||d(u, z2k+2)||+ α ||d(z2k+1, u)||

+βmax

{
‖d(z2k+1, u)‖ ,

√
2 ‖d(u, Su)‖ ‖d(z2k+1, z2k+2)‖
‖1 + d(z2k+2, Su)‖

}
.

Therefore by taking limit as n → ∞ we get ||p|| ≤ 0, a contradiction. So we have
u = Su. Similarly we can show that u = Tu. Therefore u is a common fixed point of S
and T.

Uniqueness:
To prove the uniqueness of common fixed point of S and T , let us assume that

u∗ ∈ X be another common fixed point of S and T . Then we have Su∗ = Tu∗ = u∗.
Now

d(u, u∗) = d(Su, Tu∗) -i2 αd(u, u∗) + βmax

{
d(u, u∗),

d(u, Su)d(u∗, Tu∗)

1 + d(Su, Tu∗)

}
,

implies that

d(u, u∗) -i2 αd(u, u∗) + βd(u, u∗) = (α+ β)d(u, u∗).

Therefore we obtain that

||d(u, u∗)|| ≤ δ ||d(u, u∗)|| ,
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with δ < 1, a contradiction. Therefore we get u∗ = u. This proves the uniqueness of
common fixed point.

Hence the proof of the theorem is established. �

Corollary 2.2. Let (X, d) be a complete bicomplex valued metric space and T : X →
X be the mapping satisfying

d(Tz, Tz′) -i2 αd(z, z′) + βmax

{
d(z, z′),

βd (z, Tz) d (z′, T z′)

1 + d(Tz, Tz′)

}
,

for all z, z′ ∈ X such that z 6= z′and α, β are non negative real numbers with α+ β < 1.
Then T has a unique common fixed point in X.

Proof. Setting S = T in (2.6) we may easily prove the result. �

Theorem 2.3. Let (X, d) be a bicomplex valued metric space and S, T : X ×X → X
be two mappings satisfying

d(S(z1,z2), T (z′1, z
′
2)) -i2 α

[d(z1, S(z1, z2))d(z1, T (z′1, z
′
2)) + d(z′1, T (z′1, z

′
2))d(z′1, S(z1, z2))]

d(z1, T (z′1, z
′
2)) + d(z′1, S(z1, z2))

,

for all z1, z2, z
′
1, z
′
2 ∈ X and 0 ≤ α < 1. Then S and T have a unique coupled fixed

point.

Proof. We construct the sequences {zn} and {z′n} in X for any two arbitrary point
z0, z

′
0 ∈ X such a way that zn+1 = S(zn, z

′
n), zn+2 = T (zn+1, z

′
n+1) and z′n+1 =

S(z′n, zn), z′n+2 = T (z′n+1, zn+1), for all n = 0, 1, 2, · · ·. Now

d(zn+1, zn+2) = d(S(zn, z
′
n), T (zn+1, z

′
n+1))

-i2
α[d(zn, S(zn, z

′
n)) · d(zn, T (zn+1, z

′
n+1)) + d(zn+1, T (zn+1, z

′
n+1)) · d(zn+1, S(zn, z

′
n))]

d(zn, T (zn+1, z′n+1)) + d(zn+1, S(zn, z′n))

=
α[d(zn, zn+1) · d(zn, zn+2) + d(zn+1, zn+2)d(zn+1, zn+1)]

d(zn, zn+2) + d(zn+1, zn+1)
= αd(zn, zn+1), for all n ≥ 0.

Hence we have

d(zn+1, zn++2) -i2 αd(zn, zn+1) -i2 α
2d(zn−1, zn) -i2 ... -i2 α

n+1d(z0, z1).

Now for m > n, we obtain that

d(zn, zm) -i2 d(zn, zn+1) + d(zn+1, zn++2) + ...+ d(zm−1, zm)

= αnd(z0, z1) + αn+1d(z0, z1) + ...+ αm−1d(z0, z1)

= αnd(z0, z1){1 + α+ α2 + ...+ αm−n−1}

=
αn

1− α
d(z0, z1),

implying that

‖d(zn, zm)‖ ≤ αn

1− α
‖d(z0, z1)‖ .

So we have ‖d(zn, zm)‖ → 0 as n,m→∞. Hence {zn} is a Cauchy sequence. Also

d(z′n+1, z
′
n+2) = d(S(z′n, zn), T (z′n+1, zn+1))

Journal of Xi'an University of Architecture & Technology

Volume XIII, Issue I, 2021

ISSN No : 1006-7930

Page No: 34



SOME COMMON FIXED POINT THEOREMS IN BICOMPLEX VALUED METRIC SPACES... 9

-i2
α[d(z′n, S(z′n, zn)) · d(z′n, T (z′n+1, zn+1)) + d(z′n+1, T (z′n+1, zn+1))d(z′n+1, S(z′n, zn))]

d(z′n, T (z′n+1, zn+1)) + d(z′n+1, S(z′n, zn))

=
α[d(z′n, z

′
n+1) · d(z′n, z

′
n+2) + d(z′n+1, z

′
n+2)d(z′n+1, z

′
n+1)]

d(z′n, z
′
n+2) + d(z′n+1, z

′
n+1)

-i2 αd(z′n, z
′
n+1),

which implies that

d(z′n+1, z
′
n+2) -i2 αd(z′n, z

′
n+1), for all n ≥ 0.

Hence we get that

d(z′n+1, z
′
n++2) -i2 αd(z′n, z

′
n+1) -i2 α

2d(z′n−1, z
′
n) -i2 ... -i2 α

n+1d(z′0, z
′
1).

Now for m > n, we have

d(z′n, z
′
m) -i2 d(z′n, z

′
n+1) + d(z′n+1, z

′
n++2) + ...+ d(z′m−1, z

′
m)

= αnd(z′0, z
′
1) + αn+1d(z′0, z

′
1) + ...+ αm−1d(z′0, z

′
1)

= αnd(z′0, z
′
1){1 + α+ α2 + ...αm−n−1}

=
αn

1− α
d(z′0, z

′
1).

Therefore we have ‖d(z′n, z
′
m)‖ ≤ αn

1−α ‖d(z′0, z
′
1)‖ . i.e., ‖d(z′n, z

′
m)‖ → 0 as n,m → ∞.

This implies that {z′n} is also Cauchy in X. So {zn} and {z′n} are Cauchy in X. Again
since X is complete, ∃ z, z′ ∈ X such that {zn} and {z′n} converges to z, z′ respectively.
Now we will show that S(z, z′) = z. If not then ∃ z̄ ∈ X such that d(S(z, z′), z) = z̄
where ‖z̄‖ > 0. Now

z̄ -i2 d(z, zn+2) + d(zn+2, S(z, z′)) = d(z, zn+2) + d(S(z, z′), T (zn+1, z
′
n+1))

-i2 d(z, zn+2) + α
[d(z, S(z, z′))d(z, T (zn+1, z

′
n+1)) + d((zn+1, T (zn+1, z

′
n+1)d(zn+1, S(z, z′))]

d(z, T (zn+1, zn+1)) + d(zn+1, S(z, z′))

= d(z, zn+2) + α
[z̄ · d(z, zn+2) + d((zn+1, zn+2)d(zn+1, S(z, z′))]

d(z, zn+2) + d(zn+1, S(z, z′))
,

which implies that

‖z̄‖ ≤ ‖d(z, zn+2)‖+
√

2α
[‖z̄‖ ‖d(z, zn+2)‖+ ‖d((zn+1, zn+2)‖ ‖d(zn+1, S(z, z′))‖]

‖d(z, zn+2) + d(zn+1, S(z, z′))‖
.

On taking limit as n→∞ we get ‖z̄‖ ≤ 0, a contradiction. So ‖z̄‖ = 0 and S(z, z′) = z.
Also if possible, let d(S(z′, z), z′) = t with ‖t‖ > 0. Then we have

t -i2 d(z′, z′n+2)+d(z′n+2, S(z′, z)) = d(z′, z′n+2)+d(S(z′, z)T (z′n+1, zn+1)

-i2 d(z′, z′n+2) + α
[d(z′, S(z′, z))d(z′, T (z′n+1, zn+1) + d(z′n+1, T (z′n+1, zn+1))d(z′n+1, S(z′, z))]

d(z′, T (z′n+1, zn+1)) + d(z′n+1, S(z′, z))

= d(z′, z′n+2) + α
[td(z′, z′n+2) + d(z′n+1, z

′
n+2)d(z′n+1, S(z′, z))]

d(z′, z′n+2) + d(z′n+1, S(z′, z))
,

which implies that

‖t‖ ≤
∥∥d(z′, z′n+2)

∥∥+
√

2α
[‖t‖

∥∥d(z′, z′n+2)
∥∥+

∥∥d(z′n+1, z
′
n+2)

∥∥∥∥d(z′n+1, S(z′, z))
∥∥]∥∥d(z′, z′n+2) + d(z′n+1, S(z′, z))

∥∥ .
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On taking limit as n → ∞ we get that ‖t‖ < 0, a contradiction. Therefore t = 0
and S(z′, z) = z′. Similarly, we may show that T (z, z′) = z and T (z′, z) = z′. Hence
(z, z′) is the common coupled fixed point of S and T.

Uniqueness:
For uniqueness, let us suppose that (u, v) be another common coupled fixed point

of S and T. Then

d(z, u) = d(S(z, z′), T (u, v)) -i2
[d(z, S(z, z′))d(z, T (u, v)) + d(u, T (u, v))d(u, S(z, z′))]

d(z, T (u, v)) + d(u, S(z, z′))
.

Therefore we get ‖ d(z, u)‖ ≤ 0 i.e., z = u. Similarly, we may show that z′ = v. So
(z, z′) is the unique common coupled fixed point for S and T.

This completes the proof of the theorem. �

3. Future Prospect

In the line of the works as carried out in the paper one may think of the deduction of
fixed point theorems using fuzzy metric, quasi metric, partial metric and other different
types of metrices under the flavour of bicomplex analysis. This may be an active area
of research to the future workers in this branch.
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