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Abstract

The application of the fixed point theory in complex valued metric spaces has mo-
tivated the researchers to explore the immense possibilities in the field of mathemat-
ical analysis. The conceptualisation of bicomplex valued metric spaces is one of the
recent developments in this area and this paper is inspired by this new phenomenon.
It investigates a common fixed point theorem for six self contracting, commuting and
weakly compatible mappings in a bicomplex valued metric space and extends some
theorems of Azam et al.[I] and Rouzkard & Imdad[I2] regarding common fixed point
theorems in complex valued metric spaces. Moreover, some important concepts of
Choi et al.[7], and Datta et al.[8] are used here.
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1 Introduction.

Segre [13] conceptualized commutative generalization of complex numbers as bicom-
plex numbers, tricomplex numbers, etc. as elements of an infinite set of algebras.
Unfortunately this pioneering work failed to earn the attention of the mathemati-
cians for almost a century. However, recently a renewed interest in this subject
contributes a lot in the different fields of mathematical sciences and other branches
of science and technology {cf.[6], [10] &[11]} .

The Banach contraction principle {c¢f.[3]} is a very popular and effective tool
to solve the existence problems in many branches of mathematical analysis and
it is an active area of research since 1922. The famous Banach theorem {cf.[3]}
states that “Let (X, d) be a metric space and T be a mapping of X into itself
satisfying d(T'z, Ty) < kd(x,y),Vz,y € X, where k is a constant in (0,1). Then T
has a unique fixed point x* € X”. In this connection one can see the attempts in
{ef. 120,141,581}

In recent times, Choi et al.[7], define the bicomplex valued metric space and
prove some common fixed point theorems in connection with two weakly compatible
mappings in bicomplex valued metric spaces.

2 Definitions and Notations.

In this section we state some relevant definitions.

2.1 Bicomplex number.

Segre [13] defined the bicomplex number as & = a1+agi1+agistaqiiia = 2141929,
where ay, as, az,ay € Cy ( the set of reals) and z; = a; +agiy, 20 = ag+aqi; € Cy (the
set of complex numbers), the independent units i1, 5 are such that 12 = i3 = —1 &
iliz = izil.

We denote the set of bicomplex numbers as C,.

2.2 Norm of a bicomplex number.

The norm ||-|| of C; is a positive real valued function and |[-|| : Co — C{ for any

¢ € Cy is defined by

N

1
1€l = l|21 + doza]l = {|21]* + |22*}® = (af + a3 + a3 + af)

2.3 Partial order relation.

The partial order relation 3;,0on C, defined as:

For any £ = 21 + is29,m = wy + iqws € Co, £ 3y, 1 if and only if z; = w; and
29 Z Wy, 1e., € 3y, 1 if one of the following conditions is satisfied:

(1) 2z = wy, 22 = wa, (1i) 21 < wy, 29 = wy, (i4i) 2z = wy, 22 < wy and

() 2z < wq, 22 < wa.
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In particular we can write & %, 1 if £ Zi, 7 and € # n i.e. one of (i), (4ii) and
(1v) is satisfied and we will write £ <;, n if only (iv) is satisfied.

For any two bicomplex numbers &£, € C, we can verify the following:

(@) |€nl < V2 ||€|l |In]| and the equality holds only when at least one of € and 7 is
degenerated, (ii) ||€ + || < €|+ |Inll, (i) ||a&]| = a ||&|| , where a is a non negative

real number and (iv) H%H — el ¢ 7 is a degenerated bicomplex number.

—mll
In their Paper, J. Choi et al.[7] defined the bicomplex valued metric space as:

Definition 2.1 Let X be a nonempty set. Suppose the mapping d : X x X — C,
satisfies the following conditions:

(i). 0 2y, d(z,y) for all z,y € X, (ii). d(x,y) = 0 if and only if x =y, (iii).
d(z,y) = d(y,z) for all z,y € X and (w). d(x,y) Zi, d(x,z) + d(z,y) for all
x,y,z2 € X.

Then (X, d) is called the bicomplex valued metric space.

Example 1 Consider X = [0,00), define a bicomplex valued metricd : X x X — C,
by d(x,y) = irvig|r —y| , Yo,y € X .

From the above definition of d one can easily verify that
1. 0%, d(z,y) for all 2,y € X

~12
2. d(z,y) =01if and only if x =y
3. d(z,y) = d(y,z) for all z,y € X and
4. d(z,y) = hig|lr —y| = iis|r—2+2—y| Zi vl — 2+ |2 —yl] Za
d(z,y) +d(z,y), therefore (X, d) is a bicomplex valued metric space.

Definition 2.2 For a bicomplex valued metric space (X, d)
(i). A sequence {x,} in X is said to be a convergent sequence and converges
to a point x if for any 0 <;, r € Cy there is a natural number ng € N such that

d(xp, ) <4y 7, for all m > ng. And we write lim z, = x or x, — x as n — oo.
n—oo

(i1). A sequence {x,} in X is said to be a Cauchy sequence in (X,d) if for any
0 <;, r € Cy there is a natural number ng € N such that d(x,, Tpim) <4, T, for all
m,n € N and n > nyg.

(11). If every cauchy sequence in X is convergent in X then (X, d) is said to be
a complete bicomplex valued metric space.

Definition 2.3 Two families of self-mappings {T;}" and {S;}] are said to be pair-
wise commuting if:

1. T.T; = T;T; for all 1,5 € {1,2,....m},

2. 5:S; = 5;8; foralli,j e {1,2,...n} and

3. T;S; = SiT; foralli e {1,2,...m} & je{1,2,...n}.

Definition 2.4 Let T,S : X — X be two self-mappings. Then

(i). A point x € X is said to be a fized point of T if Tx = .
(i1). A point x € X is said to be a common fized point of T and S if Tx = Sx = x.
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Definition 2.5 Let (X,d) be a bicomplex valued metric space and S, T : X — X
be two Self-mappings then S and T are said to be cmpatible if lim d (STx,TSx,) =
n—oo

0, whenever {x,} is a sequence in X such that lim Sz, = lim Tz, = u for some

n—oo n—oo
u € X.

Definition 2.6 Let S, T : X — X be two Self-mappings then, S and T are said to
be weakly compatible if STx = T'Sx whenever Sz =Tx for all x € X.

3 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 3.1 [§] Let (X, d) be a bicomplex valued metric space and a sequence {x,}
in X is said to be convergent to a point x if and only if lim ||d(z,,z)|| = 0.
n—oo

Lemma 3.2 [§] Let (X, d) be a bicomplex valued metric space and a sequence {x,}

in X is said to be a Cauchy sequence in X if and only if lim ||d(xp, Zpim)| = 0.
n—oo

4 Main Theorems.

In this section we are going to prove a fixed point theorem for weakly compatible
mappings in bicomplex valued metric spaces.

Theorem 4.1 Let (X,d) be a complete bicomplex valued metric space and let
F.G,I,J,K,L:X — X be siz self-mappings such that

KL(X)CF(X) and IJ(X)C G(X) (1)
and satisfying

d(IJx, KLy)
Zi, Ad(Fz,Gy) + Bd (Fz,IJx) + Cd(Gy, KLy) + D [d (Fz, KLy) + d (Gy, I Jz)]
(2)

for all x,y € X where A, B,C" and D are non-negative real numbers with A + B +
C'+2D < 1. Suppose that the pairs {IJ, F'} and {KL,G} are weakly compatible and
the pairs {K, L} ,{K,G},{L,G},{I,J},{I,F}, and {J, F}, are commuting pair
of mappings. Then K, L, I, J, F and G have a unique common fized point.

Proof. Let yy be an arbitrary point in X and we construct a sequence {y,} such
that

Yor = 1Jx9p = Gopy1, Yorp1 = KLxop1 = Foopyo, k=0,1,2,.....

where {z,} is another sequence in X.
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Then from , we get that

d (y2k> y2k+1) =d ([J-l"zk, KL352k+1)
sz Ad (F.Z’Qk, GZL’Qk_H) —+ Bd (Fl’gk, ]ngk) + ’d (G$2k+1, KLZE2k+1)

+ D [d (Frog, K Lxogy1) + d (Grogy1, [ Jxoy)]

iy Ad (Yor—1, yor) + Bd (yor—1, y2x) + Cd (Yar, Yor+1)
+ D [d (Y2k—1, Yor+1) + d (Yor, Yor)]

iy Ad (Yar—1, yor) + Bd (yar—1, y2x) + Cd (y2k, Yort1)
+ D [d (yor—1, Y2r) + d (Yor, Yort1)]

i (A+ B+ D)d(yar—1,Y2k) + (C + D) d (Yor, yor+1)

, A+B+D
i.e,  d(Yar, Yort1) Si 1_0—_Dd<y2k—lay2k)

Similarly,

d (y2k+1, y2k+2)

=d (KszkH, [J$2k+2) =d (KL:U2k+2, IJJUQkH)

Sy Ad (Fxogyo, Grogr1) + Bd (Fxogyo, [Jxopyo) + Cd (Grops1, K Lxogiq)
+ D [d(Frogro, KLrog1) + d(Grogy1, [ JTopio)]

Siy Ad (Y2r+1, Yor) + Bd (Yors1, Yorr2) + Od (Y2r, Yo2rr1)

+ D [d (yor+1: yor+1) + d (Y2r, Yor+2)]

Siy Ad (Yar+1, Yor) + Bd (Yorsr, Yorr2) + Od (Yor, Yo2rr1)

+ D [d (yak, Yor+1) + d (Yart1, Yor+2)]

iy (A4 C + D) d (yor, Yars1) + (B + D) d (yors1, Yor+2)

A+C+D
i.e.,d (y2k+1; y2k+2) ,'5@2 md (?J2k, y2k+1)

Let us consider A = max [fjg_*g, ffgfg] then A\ <las A+ B+C+2D <1
and it follows that

d (Ynt1, Yni2) iz A (Yns Unt1) Sip covees =i At d (yo,y1) foralln=0,1,2, .....

Then for any two positive integers m,n with m > n we get that

d (ym ym) ~i2 d (y'm yn—i—l) +d (yn—i-h yn+2) T +d (ym_l’ ym>
A+ A A d (Yo, 1)
AL+ A+ X+ AT d (yo, 1)

r\ﬂ2
~o12
Since, 0 < A < 1,Then 1+ A+ A2 .+ A"t < Lo

Hence
n
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Which yields that,

n

1—A

I (Y Ym) || < d (0, 1) |

Again since % — 0 as n — oo, therefore for any £ > 0 there exists a positive
integer ng such that ||d (yn,ym)|| < &, for all m,n > ny. Hence {y,} is a Cauchy
sequence in X. Also X is a complete bicomplex valued metric space, then there is

some z € X such that lim y, = 2.
n—m=oo

Form we have, KL (X) C F'(X). Therefore there exists some u € X such
that z = Fu.

Now we show that IJu = z, if not, then 0 <;, d (I Ju, z) € Cs.

Therefore,

d(IJu,z) Zi, d(IJu, K Lxo, 1) + d (K Lxoy_1, 2)
20, Ad (Fu, Gray, 1) + Bd (Fu, I Ju) + Cd (Gxa,—1, K Lro, 1)
+ D[d(Fu, KLxo, 1) + d(Gxop_1,[Ju)] + d (K Lxe, 1, 2)
Ziy Ad (z,y2n—2) + Bd (z, 1 Ju) + Cd (Yon—2, Yon—1)

+ D [d (2, y2n-1) + d (Y2n—2, [Ju)] +d (y2n-1, 2) -
Taking limit as n — oo, we obtain that

d(IJu,z) D4y Ad(z,2) + Bd (2, 1Ju) + Cd(z,2) + D[d(z,2) + d (2, I Ju)] + d (z, 2)

ie,d(lJu,z) 2y (B4 D)d(1Ju,z)

which is a contradiction. Therefore I Ju = Fu = z.

Again form we have I.J(X) C G (X). Therefore there exists some v € X
such that z = Guv.

Now we show that K Lv = z, if not, then 0 <;, d (K Lv, z) € C,.

Therefore,

d(KLv,z)

<., d(IJu, K Lv)

Ziy Ad (Fu,Gv) + Bd (Fu, [Ju) + Cd (Gv, KLv) + D [d (Fu, KLv) + d (Gv, I Ju)]
Zi, Ad(z,2) + Bd (z,2) + Cd (2, KLv) + D [d (z, KLv) + d (z, 2)] .

i.e.,d(KLv,z) %, (C+D)d(KLv,z)

which is a contradiction. Therefore KLv = Gv =z and so [Ju = Fu = KLv =
Gv = z.

Since F' and I.J are weakly compatible mappings, therefore IJFu = FlJu =
IJz = Fz. Now we show that I.Jz = z, if not, then 0 <;, d (I Jz, z) € Ca.
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Therefore,

d(I1Jz,z)

=d(lJz, KLv)

S, Ad (Fz,Gv) 4+ Bd(Fz,1Jz) + Cd (Gv, KLv) + D [d (Fz, KLv) + d (Gv, 1 J2)]
Siy Ad(IJz,2) + Bd(IJz,1Jz) + Cd(z,2) + D[d(IJz,2) +d(z,1Jz)].

ie,d(IJz,2) Ziy (A+2D)d(IJz, 2)

which is a contradiction. Therefore I Jz = Fz = z.

Again since G and KL are weakly compatible mappings, therefore K LGv =
GKLv= KLz = Gz. Now we show that KLz = z, if not, then 0 <;, d(KLz,z) €
Co,.

Therefore,

d(KLz, z)

=d(KLz,1Jz)=d(IJz, KLz)

Ziy Ad(Fz,Gz) + Bd(Fz,1Jz) +Cd(Gz,KLz) + D[d(Fz,KLz) + d(Gz,1Jz)]
S0y Ad (2, KLz)+ Bd(z,2) + Cd(KLz, KLz)+ D[d(z, KLz) + d (K Lz, 2)].

ie,d(KLzz) Zi, (A+2D)d(KLz, z)

which is a contradiction. Therefore KLz = Gz =z and so [Jz = KLz = Fz =
Gz = z. This shows that z is a common fixed point of F,G,IJ and KL.

Now we show that F,G,IJ and KL have a unique common fixed point, if
possible suppose z* € X be another common fixed point of I.J and K L.

Then

+D[d(Fz,KLz")+d(Gz*,1J]z)
Ziy Ad(2,2")+ Bd (z,2) + Cd (2%, 2") + D [d (2, 2") + d (2", 2)]
S0, (A+2D)d(z,27).

d(z,2z")=d(IJz, KLz") 3, Ad(Fz,Gz") + Bd(Fz,1Jz) + Cd(Gz*, KLz")
]

which is a contradiction. Therefore z = z* .This shows that z is the unique
common fixed point of F,G,IJ and KL.
Since the self-mappings are pairwise commutative, therefore

Kz=K (KLz) =K (LKz)=KL(Kz) and Kz= K (Fz) = F (Lz)
Also

Lz=L(KLz)=LK (Lz)=KL(Lz) and Lz = L (Fz) = F (Lz).

which shows that Kz and Lz are common fixed point of KL and F.
Since the fixed point of KL and F is unique, therefore

7
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KZ:LZ:Z:FZ:KLZ

Similarly we can show that
Iz=Jz=2=Gz=1Jz

This shows that K, L,I,J, F and G have a unique common fixed point. This
completes the proof. m
Taking G = F' in the Theorem we get the following corollary.

Corollary 4.1 Let (X,d) be a complete bicomplex valued metric space and let
F.I,J,K,L:X — X be five self-mappings such that IJ (X) C F (X) and KL (X) C
F (X) and satisfying

d(IJz, K Ly)
Zi, Ad (Gz, Fy) + Bd (Fx,[Jx) + Cd(Fy, KLy) + D [d (Fx, KLy) + d (Fy, I Jz)]

for all x,y € X where A, B,C and D are non-negative real numbers with A + B +
C'+2D < 1. Suppose that the pairs {I.J, F'} and {K L, F} are weakly compatible and
the pairs {K, L}, {K,F},{L,F},{l,J},{I,F}, and {J, F}, are commuting pair
of mappings. Then K, L,I,J and F have a unique common fixed point.

5 Future Prospect.

In the line of the works as carried out in the paper one may think of the deduction of
fixed point theorems using fuzzy metric, quasi metric, partial metric, probabilistic
metric, p-adic metric (where p is a prime number), cone metric, quasi semi metric
and other different types of metrics under the flavour of bicomplex analysis. This
may be regarded as an active area of research to the future workers in this branch.
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