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1. Introduction and Preliminaries

During the last fifty years, fixed point theories in complex valued metric spaces
are emerging areas of works in the field of the complex as well as functional analy-
sis.The fixed point theorem, generally known as the Banach’s contraction mapping
principle [2] appeared in explicit form in Banach’s thesis in 1922. The famous
theorem states that “Let (X, d) be a complete metric space and T be a mapping
of X into itself satisfying d (Tx, Ty) ≤ kd (x, y) ,∀x, y ∈ X, where k is a constant
in (0, 1) . Then, T has a unique fixed point x∗ ∈ X.” Banach’s fixed point theorem
plays a major role in the fixed point theory. Rajput & Singh [12] and Meena [8]
respectively proved some common fixed point theorems under rational type con-
traction mappings and intimate mappings in the set bicomplex numbers. Many
properties on the set bicomplex numbers C2 are scattered over a number of books
and articles {cf. [5], [9]& [10]}. Searching for special algebras, Segre published a
paper [13] in which he treated an algebra whose elements were bicomplex numbers.
Rochon and Shapiro [10] presented some varieties of algebraic properties of both
bicomplex numbers and hyperbolic numbers in a unified manner. Elena et al. [5]
showed how to introduce elementary functions such as polynomials, exponentials
and trigonometric functions in this algebra as well as their inverses which is not
possible in the case of quaternions incidentally. They showed how these elementary
functions enjoy the properties that are very similar to those enjoyed by their com-
plex counterparts. Some interesting results on fixed point theory are established
by Tripathy et al.{[15]-[17]} using fuzzy metric. Azam et al. [1] made a general-
ization by introducing a complex valued metric spaces using some contractive type
conditions. Although there are several number of generalization such as rectangu-
lar metric spaces, pseudo metric spaces, fuzzy metric spaces, quasi metric spaces,
quasi semi metric spaces, probabilistic metric spaces, D-metric spaces and cone
metric spaces including bicomplex valued metric spaces, yet the area of research in
bicomplex valued metric spaces is not expanded to a remarkable stage compared
to the other metric spaces till now. Jebril et al. {[6] & [7]} and Choi et al. [4]
respectively investigated some fixed point theorems under rational contractions for
a pair of mappings and with two weakly compatible mappings in C2. Recently
Rouzkard & Imdad [11] extended and improved the common fixed point theorems
more general than the result of Azam et al. [1].
We write regular complex number as z = x+iy where x and y are real and i2 = −1.
Let C0 and C1 be the set of real and complex numbers respectively and z1 , z2 ∈ C1.
The partial order relation - on C1 is defined as follows:

z1 - z2 if and only if Re (z1) ≤ Re (z2) and Im (z1) ≤ Im (z2) .
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Thus z1 - z2 if one of the following conditions is satisfied
(i)Re (z1) = Re (z2) and Im (z1) = Im (z2), (ii)Re (z1) < Re (z2) and Im (z1) =

Im (z2) , (iii)Re (z1) = Re (z2) and Im (z1) < Im (z2) and (iv)Re (z1) < Re (z2)
and Im (z1) < Im (z2) .

We write z1 � z2 if z1 - z2 and z1 6= z2 i.e., one of (ii) , (iii) and (iv) is satisfied
and we write z1 ≺ z2 if only (iv) is satisfied.

Azam et al. [1] defined the complex valued metric space in the following way.

Definition 1.1. Let X be a non empty set whereas C1 be the set of complex
numbers. Suppose that the mapping d : X × X → C1, satisfies the following
conditions

(d1) 0 - d (x, y) , for all x, y ∈ X and d (x, y) = 0 if and only if x = y;
(d2) d (x, y) = d (y, x) for all x, y ∈ X;
(d3) d (x, y) - d (x, z) + d (z, y) , for all x, y, z ∈ X.
Then d is called a complex valued metric on X and (X, d) is called a complex

valued metric space.
The space C2 is the first in an infinite sequence of multicomplex spaces which

are generalization of C1.
The notion of the space C2 was defined by Segre [13] as

C2 = {w : w = p0 + i1p1 + i2p2 + i1i2p3, pk ∈ C0, 0 ≤ k ≤ 3}

i.e., C2 = {w = z1 + i2z2 | z1, z2 ∈ C1} ,

where z1 = p0 + i1p1, z2 = p2 + i1p3 and i1, i2 are independent imaginary units
such that i21 = −1 = i22. The product of i1 and i2 defines a hyperbolic unit j such
that j2 = 1. The product of all units is commutative and satisfies

i1i2 = j, i1j = −i2, i2j = −i1.

The inverse of u = u1 + i2 u2 exists if u21 + u22 6= 0 i.e., if |u21 + u22| 6= 0 and it is
defined as

u−1 =
1

u
=
u1 − i2 u2
u21 + u22

.

If u = p0 + i1p1 + i2p2 + i1i2p3 (pk ∈ C0; k = 0, 1, 2, 3), then

1

u
=

(
p0α+ p1β

γ

)
+ i1

(
p1α− p0β

γ

)
− i2

(
p2α+ p3β

γ

)
− i1i2

(
p3α− p4β

γ

)
,

where α = p20−p21+p22−p23, β = 2p0p1+2p2p3 and γ = α2+β2 = (p20 + p21 + p22 + p23)
2−

4 (p0p3 − p1p2)2 . Obviously 1
u

exists if γ 6= 0.
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A bicomplex number u = p0+i1p1+i2p2+i1i2p3 (pk ∈ C0; k = 0, 1, 2, 3) is said

to be degenerated if the matrix

(
p0 p1
p2 p3

)
is degenerated i.e., if the determinant

∆(u) =

∣∣∣∣ p0 p1
p2 p3

∣∣∣∣ = p0p3 − p1p2 = 0.

The partial order relation -i2 on C2 was defined by Choi et al. [4] as u -i2 v
if and only if u1 - u2 and v1 - v2, where u1, u2, v1, v2 ∈ C1. The bicomplex valued
metric d : X ×X → C2 on a non-empty set X and the structure (X, d) on C2 were
defined by Choi et al. [4] accordingly.

A norm of a bicomplex number w = z1 + i2 z2 is denoted by ||w|| and is defined
[8] by

||w|| = ‖z1 + i2z2‖ =
(
|z1|2 + |z2|2

) 1
2 .

Choosing w = p0 + i1p1 + i2p2 + i1i2p3 (pk ∈ C0; k = 0, 1, 2, 3) this can be defined
as

‖w‖ =
(
p20 + p21 + p22 + p23

) 1
2 . (1.1)

One can easily verify that

0 -i2 u -i2 v ⇒ ‖u‖ ≤ ‖v‖ ; ‖u+ v‖ ≤ ‖u‖+‖v‖ ; ‖αu‖ = α ‖u‖ ; ‖u‖ ≤ ‖1 + u‖ ,
(1.2)

for any u, v ∈ C2 and α ∈ C0. If we consider the case that 0 �i2 u = p0 + i1p1 +
i2p2 + i1i2p3 (pk ∈ C0; k = 0, 1, 2, 3) (i.e., at least one of pk ’s is positive) and u is
degenerated, then γ = (p20 + p21 + p22 + p23)

2 − 4 (p0p3 − p1p2)2 will be positive and
therefore u will be invertible. By the deduction of Rochon & Shapiro [10], we get
the following results

(i) ‖uv‖ ≤
√

2 ‖u‖ ‖v‖for any u, v ∈ C2 ;.
(ii) ‖uv‖ = ‖u‖ ‖v‖for any u, v ∈ C2 with at least one of them is degenerated;
(iii)

∥∥ 1
u

∥∥ = 1
‖u‖ for any degenerated bicomplex number u with 0 �i2 u.

Definition 1.2. [1] Let {xn} be sequence in X and x ∈ X. If for every c ∈ C2,
with 0 ≺ c there is n0 ∈ N such that d (xn, x) ≺ c for all n > n0, then x is called
the limit of {xn} and we write lim

n→∞
xn = x or xn → x as n→∞.

Definition 1.3. [1] If every Cauchy sequence is convergent in C2 then the space
is called a complete bicomplex valued metric space.

Definition 1.4. [3] Let f and g be two self-maps defined on a set X. Then f and
g are said to be weakly compatible if they commute at their coincidence points.
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Definition 1.5. [18] Let T, S : X → X be two self mappings of a bicomplex valued
metric space (X, d) . The pair (T, S) are said to satisfy E. A. property if there exists
a sequence {xn} in X such that lim

n→∞
Sxn = lim

n→∞
Txn = t for some t ∈ X.

Definition 1.6. [14] The self mappings T , S : X → X are said to satisfy the
common limit in the range of S property (CLRs property) if lim

n→∞
Sxn = lim

n→∞
Txn =

Sx for some x ∈ X.
Definition 1.7. [1] Let S and T be self maps on a bicomplex valued metric space
(X, d) . Then the pair {S, T} is said to be T− intimate if and only if αd (TSzn, T zn)
- αd (SSzn, Szn) , where α = lim sup {zn} or lim inf{zn} is a sequence in X such
that lim

n→∞
Szn = lim

n→∞
Tzn = t for some t in X.

Some common fixed point results are established by Rajput & Singh [12] for
rational type contraction mapping in C1 on which they have proved the following
theorem.

Theorem 1.1. [12] Let (X, d) be a complex valued metric space and A,B, S, T :
X → X be four self mappings satisfying the following conditions

(i) A (X) ⊆ T (X) , B (X) ⊆ S (X) ,
(ii) For all x, y ∈ X and 0 < α < 1,

d (Ax,By) - α
[d (Ax, Sx) (dAx, Ty) + d (By, Ty) d (By, Sx)]

d (Ax, Ty) + d (By, Sx)

+β

[
{d (Ax, Ty)}2 + {d (By, Sx)}2

]
d (Ax, Ty) + d (By, Sx)

,

(iii) The pairs (A, S) and (B, T ) are weakly compatible and
(iv) The pair (A, S) or (B, T ) satisfies E. A. property if the range of mappings

S (X) or T (X) is closed subspace of X then A,B, S and T have a unique common
fixed point in X.

Meena [8] investigated a common fixed point for intimate mappings in C1. He
proved the following theorem in his paper.

Theorem 1.2. [8] Let A,B, S and T be the four mappings from a complex valued
metric space (X, d) into itself, such that

(a) A (X) ⊂ T (X) and B (X) ⊂ S (X) ,
(b)

d (Ax,By) - αd (Sx, Ty) + β
d (Ax, Sx) · d (By, Ty)

d (Ax, Ty) + d (Sx,By) + d (Sx, Ty)
,
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for all x, y ∈ X and d (Ax, Ty) + d (Sx,By) + d (Sx, Ty) 6= 0, where α, β are
non-negative real numbers with α + β < 1,

(c) (A, S) is S−intimate and (B, T ) is T−intimate and
(d) S (X) is complete.
Then A,B, S and T have a unique common fixed point in X.
Our results are the generalizations and extensions of the above theorems which

are established by Rajput & Singh [12] and Meena [8]. Here the results of Rochon
et al. [10] and Elena et al. [5] have helped us. Also we have taken some concepts
from the papers of Choi et al. [4] and Jebril et al. [6]. The remaining of the paper
is organized as main results containing some theorems, lemma and examples in
Section-2, the Section-1 introduces preliminaries and basic definitions.

2. Main Result
In this section we prove some theorems with supporting lemma and examples.

Theorem 2.1. Let (X, d) be a bicomplex valued metric space and A,B, S, T : X →
X are four self mappings on X ⊆ C2 satisfying the following conditions

(i) A (X) ⊆ T (X) , B (X) ⊆ S (X) ;
(ii) For all z, z′ ∈ X, 0 < α, β, α + β < 1, and non-singular d(Az, Tz′) +

d(Bz′, Sz),

d
(
Az,Bz′

)
-i2 α

[d (Az, Sz) (dAz, Tz′) + d (Bz′, T z′) d (Bz′, Sz)]

d (Az, Tz′) + d (Bz′, Sz)

+β

[
{d (Az, Tz′)}2 + {d (Bz′, Sz)}2

]
d (Az, Tz′) + d (Bz′, Sz)

;

(iii) The pairs (A, S) and (B, T ) are weakly compatible and
(iv) The pair (A, S) or (B, T ) satisfies E. A. property.
If the range of mappings S (X) or T (X) is closed subspace of C2 then A,B, S

and T have a unique common fixed point in C2.
Proof. Suppose that the pair (B, T ) satisfies E. A. property in C2. Then there
exists a sequence {zn} in C2 such that lim

n→∞
Bzn = lim

n→∞
Tzn = t for some t ∈ C2.

Further since B (X) ⊆ S (X) , there exists a sequence {z′n} in C2 such that Bzn =
Sz′n. Therefore lim

n→∞
Sz′n = t. Now we claim that lim

n→∞
Az′n = t. If possible,let lim

n→∞
z′n =

r 6= t. Then by putting z = z′n, z
′ = zn in the condition (ii) we have

d
(
Az′n, Bzn

)
-i2 α

[d (Az′n, Sz
′
n) d (Az′n, T zn) + d (Bzn, T zn) d (Bzn, Sz

′
n)]

d (Az′n, T zn) + d (Bzn, Sz′n)

+β

[
{d(Az′n, T zn)}2 + {d(Bzn, Sz

′
n)}2

]
d (Az′n, T zn) + d (Bzn, Sz′n)

.
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By taking limit as n→∞, we get

d (r, t) -i2 α
[d (r, t) d (r, t) + d (t, t) d (t, t)]

d (r, t) + d (t, t)
+ β

[
{d (r, t)}2 + {d(t, t)}2

]
d (r, t) + d (t, t)

i.e, d (r, t) -i2 α
{d (r, t)}2

d(r, t)
+ β
{d(r, t)}2

d (r, t)

i.e., d (r, t) -i2 (α+ β) d (r, t) ,

which implies

(1− α− β) d (r, t) -i2 0.

Therefore we have ‖d (r, t)‖ ≤ 0. Hence r = t. i.e., lim
n→∞

Az′n = lim
n→∞

Bzn = t. Now

suppose that S(C2) is a closed subspace of C2. Then t = Su for some u ∈ C2.
Subsequently we have lim

n→∞
Az′n = lim

n→∞
Bzn = lim

n→∞
Sz′n = lim

n→∞
Tzn = t = Su. Now

we prove that Au = Su i.e., Au = t. By putting z = u and z′ = zn in condition
(ii) we get

d (Au,Bzn) -i2 α
[d (Au, Su) d (Au, Tzn) + d (Bzn, T zn) d (Bzn, Su)]

d (Au, Tzn) + d (Bzn, Su)

+β

[
{d (Au, Tzn)}2 + {d (Bzn, Su)}2

]
d (Au, Tzn) + d (Bzn, Su)

.

Taking limit as n→∞ in the above, we have

d (Au, t) -i2 α
{d (Au, t)}2

d (Au, t)
+ β
{d (Au, t)}2

d (Au, t)
,

which implies (1− α− β) d (Au, t) -i2 0. Therefore we get ‖d (Au, t)‖ ≤ 0. So
Au = t = Su. Hence u is a coincidence point of (A, S). Now the weak compatibility
of pair (A, S) implies that ASu = SAu or At = St. On the other hand since
A (C2) ⊆ T (C2), there exists a point v in C2 such that Au = Tv = t. Now we
show that v is a coincidence point of (B, T ) . i.e., Bv = Tv = t. So by putting
z = u, z′ = v in condition (ii) we have

d (Au,Bv) -i2 α
[d (Au, Su) d (Au, Tv) + d (Bv, Tv) d (Bv, Su)]

d (Au, Tv) + d (Bv, Su)

+β

[
{d (Au, tv)}2 + {d (Bv, Su)}2

]
d (Au, Tv) + d (Bv, Su)

.
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Now by taking limit as n→∞, we get

d (t, Bv) -i2 α
[d (t, t) d (t, t) + d (Bv, Tv) d (Bv, t)]

d (t, Tv) + d (Bv, t)
+ β

[
{d (t, Tv)}2 + {d((Bv, t)}2

]
d (t, Tv) + d (Bv, t)

-i2 α
d (Bv, Tv) d (Bv, t)

d (t, t) + d (Bv, Tv)
+ β

[
{d (t, t)}2 + {d((Bv, t)}2

]
d (t, t) + d (Bv, t)

-i2 α
d (Bv, Tv) d (Bv, t)

d (Bv, Tv)
+ β
{d (Bv, t)}2

d (Bv, t)
,

which implies d (t, Bv) -i2 αd (Bv, t) + βd (Bv, t) i.e., (1− α− β) d (t, Bv) -i2 0.
Therefore, we have ‖d (t, Bv)‖ ≤ 0. Hence t = Bv. So Bv = Tv = t and v is the
coincidence point of B and T . Also the weak compatibility of pair (B, T ) implies
that BTv = TBv or Bt = Tt. Therefore t is a common coincidence point of A,B, S
and T . Now we have to show that t is a common fixed point of A,B, S and T.
Putting z = u, z′ = t in condition (ii) we have

d (t, Bt) = d (Au,Bt) -i2 α
[d (Au, Su) d (Au, T t) + d (Bt, T t) d (Bt, Su)]

d (Au, T t) + d (Bt, Su)

+β

[
{d (Au, T t)}2 + {d (Bt, Su)}2

]
d (Au, T t) + d (Bt, Su)

.

By putting Tt = Bt and Su = Au in the above inequality we get

d (t, Bt) = d (Au,Bt) -i2 α.0 + β

[
{d (Au,Bt)}2 + {d (Bt,Au)}2

]
d (Au,Bt) + d (Bt,Au)

-i2 β
2 {d (Bt,Au)}2

2d (Au,Bt)
,

which implies that d (t, Bt) = d (Au,Bt) -i2 βd (Au,Bt) . i.e., (1− β) d (Au,Bt) -i2

0. Therefore ‖d (Au,Bt)‖ ≤ 0. Hence Bt = Au = t. But Bt = Tt = t. Therefore,
we get At = Bt = St = Tt = t. i.e., t is a common fixed point. If we take T (C2) is
closed then similar argument arises and if we take E. A. property of the pair (A, S)
then also similar result is obtained.

Uniqueness:

Let us assume that t̄ be another common fixed point of A,B, S and T . i.e.,
At̄ = Bt̄ = St̄ = T t̄ = t̄. Then by putting z = t̄ and z′ = t in the condition (ii) we
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have

d (At̄,Bt) -i2 α
[d (At̄, St̄) (dAt̄, T t) + d (Bt, T t) d (Bt, St)]

d (At̄, T t) + d (Bt, St̄)
+ β

[
{d(At̄, T t)}2 + {d(Bt, St̄)}2

]
d (At̄, T t) + d (Bt, St̄)

i.e., d (At̄,Bt) -i2 α.0 + β

[
{d(t̄, t)}2 + {d(t, t̄)}2

]
d (t̄, t) + d (t, t̄)

i.e., d (t̄, t) -i2 β
2 {d (t, t̄)}2

2d (t̄, t)
= β.d (t̄, t) ,

which gives that (1− β) d (t̄, t) -i2 0. Therefore we have ‖d (t̄, t)‖ ≤ 0 which
implies that t̄ = t. Hence At = Bt = St = Tt = t is the unique common fixed
point of A,B, S and T.

Thus the proof of the theorem is established.

Lemma 2.1. Let S and T be self maps on a bicomplex valued metric space (X, d) .
If the pair {S, T} is T−intimate and St = Tt = p ∈ C2 for some t in C2 then
d (Tp, p) -i2 d (Sp, p) .
Proof. We consider the sequence zn = t for all n ≥ 1. So lim

n→∞
Szn = lim

n→∞
Tzn =

St = Tt = p ∈ C2. Since the pair {S, T} is T−intimate, we have

d (TSt, T t) = lim
n→∞

d (TSzn, T zn) -i2 lim
n→∞

d (SSzn, Szn) = d (SSt, St) ,

which implies d (Tp, p) -i2 d (Sp, p) . This completes the proof of the lemma.

Theorem 2.2. Let (X, d) be a bicomplex valued metric space and A,B, S and T
be four self mappings on X ⊆ C2 such that

(a) A (X) ⊂ T (X) and B (X) ⊂ S (X) ,
(b) For all z, z′ ∈ C2,

d (Az,Bz′) -i2 αd (Sz, Tz′) + β
d (Az, Sz) .d (Bz′, T z′)

d (Az, Tz′) + d (Sz,Bz′) + d (Sz, Tz′)
,

and d (Az, Tz′) + d (Sz,Bz′) + d (Sz, Tz′) is non-singular, where α, β are non-
negative real numbers with α +

√
2β < 1;

(c) (A, S) is S−intimate and (B, T ) is T−intimate and
(d) S (X) is complete.
Then A,B, S and T have a unique common fixed point in C2.

Proof. Let z0 be any arbitrary point in C2. Then by condition (a) , there exists
a point z1 ∈ C2 such that Az0 = Tz1. Also for z1 ∈ C2 we can choose a point
z2 ∈ C2 such that Bz1 = Sz2 and so on. Inductively we can define a sequence {zn}
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in C2 such that z2n = Az′2n = Tz′2n+1 and z2n+1 = Bz′2n+1 = Sz′2n+2. Then by (b)
we have

d (z2n, z2n+1) = d
(
Az′2n, Bz

′
2n+1

)
-i2 αd

(
Sz′2n, T z

′
2n+1

)
+ β

d (Az′2n, Sz
′
2n) .d

(
Bz′2n+1, T z

′
2n+1

)
d
(
Az′2n, T z

′
2n+1

)
+ d

(
Sz′2n, Bz

′
2n+1

)
+ d

(
Sz′2n, T z

′
2n+1

)
-i2 αd (z2n−1, z2n) + β

d (z2n, z2n−1) .d (z2n+1, z2n)

d (z2n, z2n) + d (z2n−1, z2n+1) + d (z2n−1, z2n)
,

which implies

‖d (z2n, z2n+1)‖ ≤ α ‖d (z2n−1, z2n)‖+ β

∥∥∥∥ d (z2n, z2n−1) .d (z2n+1, z2n)

d (z2n−1, z2n+1) + d (z2n−1, z2n)

∥∥∥∥
≤ α ‖d (z2n−1, z2n)‖+ β

‖d (z2n, z2n−1) .d (z2n+1, z2n)‖
‖d (z2n−1, z2n+1) + d (z2n−1, z2n)‖

≤ α ‖d (z2n−1, z2n)‖+ β

√
2 ‖d (z2n, z2n−1)‖ . ‖d (z2n+1, z2n)‖
‖d (z2n−1, z2n+1) + d (z2n−1, z2n)‖

.

We know that ‖d (z2n+1, z2n)‖ < ‖d (z2n−1, z2n+1) + d (z2n−1, z2n)‖ .

i.e.,
‖d (z2n+1, z2n)‖

‖d (z2n−1, z2n+1) + d (z2n−1, z2n)‖
< 1.

Therefore, we get

‖d (z2n, z2n+1)‖ ≤ α ‖d (z2n−1, z2n)‖+ β
√

2 ‖d (z2n, z2n−1)‖ ≤
(
α+
√

2β
)
‖d (z2n−1, z2n)‖

i.e., ‖d (z2n, z2n+1)‖ ≤ γ ‖d (z2n−1, z2n)‖ , where γ =
(
α+
√

2β
)
.

Also, we have

d (z2n+2, z2n+1) = d
(
Az′2n+2, Bz

′
2n+1

)
-i2 αd

(
Sz′2n+2, T z

′
2n+1

)
+ β

d
(
Az′2n+2, Sz

′
2n+2

)
.d
(
Bz′2n+1, T z

′
2n+1

)
d
(
Az′2n+2, T z

′
2n+1

)
+ d

(
Sz′2n+2, Bz

′
2n+1

)
+ d

(
Sz′2n+2, T z

′
2n+1

)
-i2 αd (z2n+1, z2n) + β

d (z2n+2, z2n+1) .d (z2n+1, z2n)

d (z2n+2, z2n) + d (z2n+1, z2n+1) + d (z2n+1, z2n)

= αd (z2n+1, z2n) + β
d (z2n+2, z2n+1) .d (z2n+1, z2n)

d (z2n+2, z2n) + d (z2n+1, z2n)
,

which implies

‖d (z2n+2, z2n+1)‖ ≤ α ‖d (z2n+1, z2n)‖+

∥∥∥∥βd (z2n+2, z2n+1) .d (z2n+1, z2n)

d (z2n+2, z2n) + d (z2n+1, z2n)

∥∥∥∥
≤ α ‖d (z2n+1, z2n)‖+ β

‖d (z2n+2, z2n+1) .d (z2n+1, z2n)‖
‖d (z2n+2, z2n) + d (z2n+1, z2n)‖
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≤ α ‖d (z2n+1, z2n)‖+ β

√
2 ‖d (z2n+2, z2n+1)‖ . ‖d (z2n+1, z2n)‖
‖d (z2n+2, z2n) + d (z2n+1, z2n)‖

.

Again since ‖d (z2n+2, z2n+1)‖ ≤ ‖d (z2n+2, z2n) + d (z2n, z2n+1)‖, therefore we get

‖d (z2n+2, z2n+1)‖ ≤ α ‖d (z2n+1, z2n)‖+ β
√

2 ‖d (z2n+1, z2n)‖ ≤
(
α+
√

2β
)
‖d (z2n+1, z2n)‖

i.e., ‖d (z2n+2, z2n+1)‖ ≤ γ ‖d (z2n+1, z2n)‖ .

Thus we have

‖d (zn+1, zn+2)‖ ≤ γ ‖d (zn, zn+1)‖ ≤ γ2 ‖d (zn−1, zn)‖ ≤ ... ≤ γn+1 ‖d (z0, z1)‖ .

So for any m > n, we get

‖d (zn, zm)‖ ≤ ‖d (zn, zn+1)‖+ ‖d (zn, zn+1)‖+ ...+ ‖d (zm−1, zm)‖
≤ γn ‖d (z0, z1)‖+ γn+1 ‖d (z0, z1)‖+ ...+ γm−1 ‖d (z0, z1)‖ ,

which implies ‖d (zn, zm)‖ ≤ γn

1−γ ‖d (z0, z1)‖ → 0 as m,n → ∞. So the sequence

{zn} = {Sz′2n} is a Cauchy sequence in S (C2). Again since S (C2) is complete,
therefore the sequence {zn} converges to a point p = Su for some u ∈ C2. Thus
Az′2n, Sz

′
2n, Bz

′
2n+1, T z

′
2n+1 → p as n→∞. Now

d
(
Au,Bz′2n+1

)
-i2 αd

(
Su, Tz′2n+1

)
+β

d (Au, Su) .d
(
Bz′2n+1, T z

′
2n+1

)
d
(
Au, Tz′2n+1

)
+ d

(
Su,Bz′2n+1

)
+ d

(
Su, Tz′2n+1

)
implies that∥∥d (Au,Bz′2n+1

)∥∥
≤ α

∥∥d (Su, Tz′2n+1

)∥∥+

∥∥∥∥∥β d (Au, Su) .d
(
Bz′2n+1, T z

′
2n+1

)
d
(
Au, Tz′2n+1

)
+ d

(
Su,Bz′2n+1

)
+ d

(
Su, Tz′2n+1

)∥∥∥∥∥
≤ α

∥∥d (Su, Tz′2n+1

)∥∥+ β

∥∥d (Au, Su) .d
(
Bz′2n+1, T z

′
2n+1

)∥∥∥∥d (Au, Tz′2n+1

)
+ d

(
Su,Bz′2n+1

)
+ d

(
Su, Tz′2n+1

)∥∥
≤ α

∥∥d (Su, Tz′2n+1

)∥∥+ β
‖d (Au, Su)‖ .

∥∥d (Bz′2n+1, T z
′
2n+1

)∥∥∥∥d (Au, Tz′2n+1

)
+ d

(
Su,Bz′2n+1

)
+ d

(
Su, Tz′2n+1

)∥∥ .
Taking limit as n → ∞, we have ‖d (Au, p)‖ ≤ α ‖d (Su, p)‖, therefore we get
‖d (Au, p)‖ = 0. i.e., Au = p = Su. Again since A (C2) ⊂ T (C2) , therefore there
exists a v ∈ C2 such that Au = Tv = p. Now applying (b) we have

d (p,Bv) = d (Au,Bv) -i2 αd (Su, Tv) + β
d (Au, Su) .d (Bv, Tv)

d (Au, Tv) + d (Su,Bv) + d (Su, Tv)
,
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which implies

‖d (p,Bv)‖ ≤ α ‖d (Su, Tv)‖+ β
‖d (Au, Su) .d (Bv, Tv)‖

‖d (Au, Tv) + d (Su,Bv) + d (Su, Tv)‖

≤ α ‖d (Su, Tv)‖+ β

√
2 ‖d (Au, Su)‖ . ‖d (Bv, Tv)‖

‖d (Au, Tv) + d (Su,Bv) + d (Su, Tv)‖
.

Thus ‖d (p,Bv)‖ = 0 and this gives that p = Bv = Tv = Au = Su. Now
since Au = Su = p and (A, S) is S−intimate, therefore by Lemma 2.1, we have
‖d (Sp, p)‖ ≤ ‖d (Ap, p)‖. Also by (b)we have

d (Ap, p) = d (Ap,Bv) -i2 αd (Sp, Tv) + β
d (Ap, Sp) .d (Bv, Tv)

d (Ap, Tv) + d (Sp,Bv) + d (Sp, Tv)
.

i.e., ‖d (Ap, p)‖ ≤ α ‖d (Sp, p)‖, which yields that ‖d (Ap, p)‖ = 0. Therefore Ap =
p and Sp = p. Similarly we can show that Bp = Tp = p.

Uniqueness
Let us consider that p and q are two common fixed points of A,B, S and T such

that p 6= q. Then using (b) we get

d (p, q) = d (Ap,Bq) -i2 αd (Sp, Tq)+β
d (Ap, Sp) .d (Bq, Tq)

d (Ap, Tq) + d (Sp,Bq) + d (Sp, Tq)
-i2 αd (p, q) .

i.e.,‖d (p, q)‖ ≤ α ‖d (p, q)‖ , which implies that p = q.
This completes the proof of the theorem.

Example 2.1. Let X = {z1, z2} ⊂ C1 with d : X ×X → C2 is defined by

d (z1, z2) =

{
1, if z1 6= z2

0, if z1 = z2.

Then (X, d) is a complete bicomplex valued metric space. Define A = B, S, T :
X → X by Az = z′1 for all z ∈ X, Sz′1 = Tz′2 = z′2 and Sz′2 = Tz′2 = z′1. Then
all the conditions of above theorem are satisfied except intimate condition. We
see that ‖d (SAz′2, Sz

′
2)‖ = ‖d (z′2, z

′
1)‖ > 0 = ‖d (AAz′2, Az

′
2)‖ , where {z′2} is a

constant sequence in C2 such that Az′2 = Sz′2 = z′1. Thus the pair (A, S) is not
S−intimate. Therefore A, S and T do not have a common fixed point.

Example 2.2. Let X = C1 be the set of complex numbers. Define d : X×X → C2

by d (z1, z2) = i2 ‖z1 − z2‖ where z1 = x1 + i1y1 and z2 = x2 + i1y2. Then (X, d) is
a complete bicomplex valued metric space. Define A,B, S, T : C2 → C2 as Az =
0, Bz = 0, Sz = z and Tz = z

2
. Clearly A (C2) ⊂ T (C2) and B (C2) ⊂ S (C2) . Now
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considering the sequence
{
zn = 1

n
, n ∈ N

}
in C2 we get lim

n→∞
Azn = lim

n→∞
Szn = 0.

Also we have lim
n→∞

d (SAzn, Szn) -i2 lim
n→∞

d (AAzn, Azn) . Thus the pair (A, S) is

S−intimate. Again since lim
n→∞

d (TBzn, T zn) -i2 lim
n→∞

d (BBzn, Bzn), therefore the

pair (B, T ) is T−intimate. Further the mappings satisfies all the conditions of
above theorem. Hence A,B, S and T have a unique common fixed point in C2.

3. Future Prospect
In the line of the works as carried out in the paper one may think of the de-

duction of fixed point theorems using common limit in the range (CLR) property,
expansive metric and other different types of metrices under the flavour of bicom-
plex analysis. This may be an active area of research to the future workers in this
branch.
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