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1 Introduction and Preliminaries

Fixed point theory is one of the famous and traditional theories in Mathematics and it has a broad
number applications in different branches of Mathematics. In this theory contraction is one of the
main tools to prove the existence and uniqueness of a fixed point. The Banach contraction principle
{cf.[2]} is a very popular and effective tool to solving existence problems in many branches of
mathematical analysis and it is an active area of research since 1922. The famous Banach theorem
{cf. [2]} states that " Letr (X,d) be a complete metric space and and T be a mapping of X into
itself satisfying d (Tx,Ty) < kd(x,y)Y x,y € X, where k is a constant in (0,1). Then T has a
unique fixed point x* € X."

Partial metric spaces as introduced by Matthews {[8]&[9]}, are the generalization of the notion
of metric spaces in which the condition d (x, x) = 0 is replaced by the condition d (x, x) < d (x,y) in
the definition of metric. Different approaches in this area have been reported including applications
of mathematical techniques to computer science {cf. [7]&[13]}. In [9], Matthews discussed some
properties of convergence of sequences and investigated the fixed point theorems for contractive
mapping on partial metric spaces. Any mapping 7" of a complete partial metric space X into itself
that satisfies the inequality d (Tx, Ty) < kd (x,y), where 0 < k < 1, for all x,y € X, has a unique
fixed point. Recently, many authors {cf. [10],[11][12], [13] &[14]} have focused on this subject
and generalized some fixed point theorems from the class of metric spaces to the class of partial
metric spaces. The definition of partial metric space is given by Matthews in [8] as follows.

Definition 1.1. [8]Let X be a non empty set and let p : X X X — R satisfy
PM1). x=y & p,x)=p(y) =pky,
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(PM2). p(x,x)<p(xy),
(PM3). p(x,y)=p (. x),
(PM4A). p(x,y) <p(x,2)+p(zy) - pi2),
forall x,y,z € X, where R = [0, c0). Then the pair (X, p) is called a partial metric space in short
PMS and p is called a partial metric on X.

Let X = {2,3} be anon empty setand let p : XXX — Rg such that p (x,y) = min {|x — y|, |x + y|},
then we see that (X, p) is a partial metric space.

Let (X, p) be a PMS . Then the functions d,,d,, : X X X — R/ given by

dp(x,y) =2p(x,y) = p(x,x) = P(y,y)
and
dp (x,y) = max{p(x,y) = p(x,x), p(x,y) = p(y, )},

are usual metrics on X. It is clear that d, and d,, are equivalent metric. It can be easily deduced
that d, (x,y) = |x =y = d (x,).

We are giving some definitions were defined by Matthews {[8]&[9]} as follows.
Definition 1.2. {[4],/8] & [9]} (i) A sequence {x,} in a PMS (X, d) converges to x € X if and only
if p(x,x) = limp(x, x,).

(ii) A sequence {x,} in a PMS (X, d) is called a Cauchy sequence if and only if lim p (x,, X,,)
exists (and finite). ’

(iii) A PMS (X, p) is said to be complete if every Cauchy sequence {x,} in X converges with
respect to T, to a point x € X such that p (x,x) = lim p (x,, Xu).

n,Mm—00
(iv) A mapping f : X — X is said to be continuous at xo € X if for every € > 0, there exists a
0 > 0 such that f (B (xp,09)) C B(f (x9,€)).

We introduce following lemmas which we will use in proof of the main results.
Lemma 1.1. {[4],[8]& [9]} (A) A sequence {x,} is Cauchy in a PMS (X, p) if and only if {x,} is
Cauchy in a metric space (X, dp).

(B) A PMS (X, p) is complete if and only if the metric space (X, d,,) is complete. Moreover,
limp(x,x,) =0 p(x,x) = }Lrgop (x, x,) = r}ggp (xn, X), where x is a limit of the sequence {x,}

ea)

Remark 1.1. Let (X, p) be a PMS. Therefore, we have
(A if p(x,y) =0, then x =y and
(B) if x # y, then p (x,y) > 0.

Lemma 1.2. /5] Assume x, — zasn — oo in a PMS (X, p) such that p(z,z) = 0. Then
lim p (x,,y) = p(z,y) for every y € X.

Karapinar and Yuksel[6] investigated some common fixed point theorems in partial metric
spaces and obtained the following theorem.

Theorem 1.1. [6] Suppose that (X, p) is a complete PMS and T,S are self-mappings on X. If
there exists an r € (0, 1) such that

p(Tx,Sy) <rM(x,y),

for any x,y € X, where

1
M (x,y) = max {p(Tx,x),p(Sy,y),p(x,y), 3 [p(Tx,y) +p(Sy,x)]},

then there exists z € X such that Tz = Sz = z.
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Jebril et al.[3] have investigated some common fixed point theorems under rational contraction
for a pair of mappings in bicomplex valued metric spaces and obtained the following result.

Theorem 1.2. [3] Let (X, d) be a complete bicomplex valued metric space and the mappings S, T
: Cy — G, satisfy
Bd(z,52)d(Z',TZ)
d(z,T?)+d(ZSz) +d(z,7)’
forall 7,7 € X such that d(z,TZ') +d (Z'Sz) + d(z,7') # O with z # 7/, where «, B are non negative

real numbers with a+ 3 < 1 ord(z,7) =0ifd (z, TZ)+d (Z'S2)+d(z,7) = 0. Then S and T have
a unique common fixed point.

dSz;T7) < ad(z,7) +

Our results are the extension of Theorem 1.1 and modification of Theorem 1.2. Also we have
taken some concepts from the results of Jebril et al. [4].

2 Main Results

In this section we have proved two theorems, the first theorem as an extension of Theorem 1.1 and
the second theorem as a modification of Theorem 1.2.

Theorem 2.1. Let (X, p) be a partial metric space and the mappings S, T : X — X satisfy
p(Tx,Sy)

pxY)+p(x,Tx) pxy)+p(©»,Sy)
2 ’ 2

Q.1 Shmax{ ,p(x,Tx)+p(y,Sy)—p(x,y)},

forall x,y € X where 0 < h < 1. Then S and T have a common fixed point in X.

Proof. We choose an arbitrary point xy € X. Sequence {x,} can be formed in X such that Sxg =
X1, TX1 = X2, S)Cz = X3, T)C3 = X4, ...

2.2) i.e.,  Sx2, = Xopa1, T Xops1 = Xopen  for n=0,1,2,...

If there exists a positive integer np such that x 5, = X 2,41, then x 5, is a fixed point of S and hence
a fixed point of T Indeed, since X 25, = X 2p9+1 = S X2,,, then

(2.3) X2pgrl = Xong = SXopy = SXopgt1-

We have to show that the sequence {x,} is Cauchy sequence. For putting x = xp; and y = x4 in
(2.1), we have
P (X2ng+2> X2ng+1) = P (T X2n0415 S X2n,)

3 (P (X2n0+15 X2n0) + P (X2mg+1, T X2mg41)) »

< hmax 5 (p (Kang1, Xony) + P (X2mg» S X2my))
(p (X2n0+1 s Txong+1) + P (X2ngs S Xauy) — P (X2ng415 X2n,))
2 5 (p (X2ng+15 X2n0) + P (X2ng415 X2042)) 5

= hmax 3 2 (P (%20041 X200) + P (X2ngs X2nmg41)) 5

(P (X2ng415 X2ng42) + P (X2ng> Xomg+1) = P (X201 X20))
= hmax{ 2 (P (inoﬂ s Xomg) + P (X2ng41> X2ng42)) s

P xzm), x2n0+1) 14 (X2n0+1 s x2n0+2)

1

< hmax {p (X2ngs X2ng+1) » P (X2ng+1, Xong+2)} > & (a + b) < max(a, b)

= hmax {P (XZno, X2n0) P (X2n0+1 s x2n0+2)} , A8 X253y = X 2pp+1 by assumption
= h-p(Xongs1> Xongs2) , DY (PM2).
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Therefore we have (1 —h) - p (Xany+15 X20042) < O, then p (x2441, Xape+2) = 0, since & < 1, which
yields that Txp, 41 = Xong42 = Xong+1 1.€., X2p,+1 18 a fixed point of T. Also xy,, is a fixed point of
S. Therefore xy,, (= X24,+1) is @ common fixed point of S and 7. A similar conclusion holds if it is
sizlen that xp,,+1 = X2n,+2 for some positive integer ng. Therefore we may assume that x,, # x,.; for
all n.

Case-1:

Let n be an odd number. Then by (2.1) we have

D (Xt Xp42) = p (T X, S Xps1)

1 1
<h 5 (P (s Xpi1) + P (X0 TX0)) 5 5 (P (X, Xar1) + P (Kni 15,8 Xn11)) s
- max{ (p (xn, TX,,) + p (anrl’ an+1) - P (xm xn+1))

= hmax 2 (P (xna xn+l) + V4 (-xn, xn+1)) 1) (P (xn’ xn+l) + V4 (xn+l 5 xn+2))
(P (s Xn11) + P (Xt 15 Xn42) = P (Xns Xn11)

1
= hmax {p (Xn, Xnt1) 5 3 (P (Xn, Xpe1) + P (Kps1s Xn42)) > P (X1, xn+2)}

1
< hmax {p (Xp, Xp41) » P (Xns1> Xn42)} as (a + b) < max{a, b}
=h- p (X, Xne1) -
Because, if we take max {p (x,, Xp+1) » P (Xn+1, Xn+2)} = P (Xu+1, Xn42) , then above inequality yields
Xn+1 = Xp+2, Which contradicts our assumption that x,, # x,+1 for all n.

Case-II
If n is even number, then by (2.1) we get that

P (X2, Xpa1) = P (TXpp1, S Xp)

IA

1
h 1P (st x) + P Qonrts Txe1)) 5 3 (P (st %) + P (0, S X))
max { (P (xn+1 5 Txn+l) + P (xn, g‘Xn) P (xn+1 5 X,,))

= nmaxd 7 @G, X) + p Qonets Xa42)) s 5 (P (nets Xa) + P (s X))
(P (xn+1 ) xn+2) + P (xn, xn+]) - P (xm Xn+1 ))

1
= hmax { (P (X, Xpe1) + p (X415 Xp42)) » P (X5 Xns1) P (Xn+15 -xn+2)}

1
< hmax{p (X, Xu+1), P (Xns1, Xns2)} , @S 3 (a + b) < max {a, b}
= h'p(-xnv-xn+l)~

Here also max {p (x,, Xu+1) » P (Xus15 Xnt2)} = p (Xn, Xu11) 1s taken for the similar reason as odd
number. Therefore the inequality

(24) P (xn+l > xn+2) < hP (xn, xn+1) 5

holds for all n = 0, 1,2, ... Hence {p (x,, x,+1)} is a non increasing sequence of non negative real
numbers. Using the result(2.4), it can easily be proved that

(2.5) P (Xns X41) < H'p (x0,x1), Yn=0,1,2,...
Now let us consider that

dp (K15 Xp42) = 2P (Xna1s Xn42) = P (K1 Xnw1) — P (K25 Xne2) < 2P (Xat, Xna2)

(2.6 ie., dp (Xur1, Xus2) < 20" 1p (x0, 1) .
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Since 0 < i < 1, from (2.5) and (2.6) we get that limd), (x,+1, X,+2) = 0. Moreover by 2.6 we have

A

dp (xn+1’ -xn+s) = dp (xn+l, -xn+2) +..+ dp (-xn+s—l’ -xn+s)
20 p (x0, x1) + ..o + 205 p (x0, x1)

IA

After standard calculation, we obtain that {x,} is a Cauchy sequence in (X, dp) ie., d,(x,,x,) — 0
as n,m — oo. Since (X, p) is complete, by Lemma 1.1 we have (X, dp) is complete and the sequence
{x,} is convergent in (X, dp) to z € X (say)

Again by Lemma 1.1, we have

2.7 p(z,2) = ,}i_)rgp (Xp,2) = nggm P (Xn, Xpn) .

Since {x,} is a Cauchy sequence in (X, dp), therefore we have lim d, (x,, x,,) = 0. We assert that

n,m—00

lim p(x,, x,) = 0. Without loss of generality, let us assume that m > n. Then we observe that

n,m—oco

D Xy Xp42) £ P Xy Xpa1) + P (K1, Xn42) — P (X1 Xna1) s

(2.3) i.e., p(Xp, Xp2) < P (X, X)) + P (X1, Xns2) -
Using 2.8 it follows that
D (Xn, Xni2) + P (K42, X543) = P (Xn42, Xn42)

<
< P Xy Xpa2) + P (Xna2, Xn43)
< p (X, Xpa1) + P (Kpt1s Xna2) + P (X425 Xnt3)

p (xn s -xn+3)

Therefore by induction we obtain that
(29) P (xn, xm) <p (xna xn+1) +p (xn+l7 xn+2) +..+p (xm—l, xm) .

With the help of (2.4), the expression (2.9) reduces to

P (s Xi) < H'p (x0,x1) + B p (x0, x1) + oo + B p (x0, X1),

(2.10) Le., p(ps ) < WL+ R+ o+ B DY (x0, x1) .

2.11) Since h < 1, taking n,m — oo we can make A" — 0 andso lim p(x,,x,) = 0.

Therefore, from (2.7) , we have

(2.12) p(z,2) = ,}]_Top (xn,2) = n}glllm p (X, xp) = 0.

We assert that Tz = z. On the contrary, assume 7z # z. Then p(z,Tz) > 0. Let {xz,;} be a
subsequence of {x,,} and hence of {x,}. Due to (2.1) and (2.2) we have

P (x2ny+1, T2) = p (S X200, T2) = p (T2, S X2

< hmax 1(p (2 x2u) + P (2. T2)), 3 (P (2 X2u() + P (X2utiys S Xon(t)) » .
- (P (@ T2) + p (X200, S Xan(i) — P (2, X2n(i)))
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Taking limit as n — oo, we get

p(z,Tz) Shmax{%(0+p(z,Tz)),%(0+0),(p(z,Tz)+0—0)} =hp(z,Tz).

Thus p(z,Tz) < hp(z,Tz) . Since h < 1, therefore p (z, Tz) = 0 and hence by Remark(2.1) , we get
Tz = z. Analogously, if we choose a subsequence {x2,()+1} Of {x2,11}, We can prove that Sz = z.
Hence z is a common fixed point of S and T i.e.,Tz=Sz =z

This completes the proof of the theorem. O

Theorem 2.2. Let (X, p) be a complete partial metric space and let the mappings S,T : X — X

satisfy

pxy)p(x,Ty) + p(x,y)p(y,Sx)
P, Sx)+p»,Ty) ’

(2.13) pSx,Ty) <ap(xy) +8

for all x,y € X such that x # y, where a and 3 are non negative real numbers with @ + 8 < % If
p(x,Ty),p(y,Sx),p(x,Sx)and p (y, Ty) satisfy the condition

(2.14) pTN+p(Sx)<2{p(x,S)+p (. Ty},
then the pair (S, T) have a unique common fixed point in X.

Proof. Let us choose an arbitrary point xy € X. Sequence {x,} can be formed in X such that
S)C() = X1, Tx1 = X7, S)Cg = X3, T)C3 = X4, ...i.e.,

S Xon = Xont1, TXops1 = Xopso.

Then from (2.13)we get
D (X241, X2n42) = P (S X2, T X0 41)

D (X2n, X2p41) P (X2, TX2n41) + P (X2n, X2041) P (X2p41, S X24)
D (X241, S x2,) + p (X2041, T X241)

< ap (x2n’ x2n+l) +ﬁ

s

i.e., p (X2n41, X2n42) <P (X2n, X2041) +
Xons X + X , X
@.15) B (g, ey ) L2 X2052) P s Y1)
D (X20, Xon11) + P (X2011, X2042)

Also from triangle property of PMS we get that
P (Xan, X2n42) < p (Xon, Xon41) + P (X241, X2n42) = P (X2ne 15 Xon+1) s
which implies that

D (X2n, X2042) + P (X041, X2041) <
D (%20, X2p41) + P (X241, X2042)

(2.16)

Hence from (2.13) and (2.16) , we obtain that
D (2n41, X2n42) < (@ + B) p (X2, X2n+1) = hp (X20, X2n41) »
where h =a + B < 1,

(2.17) i.e., p(Xon+1, X2n42) < hp (X20, X2p41) -
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Again we have that
P (X243, X0n42) = P (S X042, TX0p41) < @p (X2p42, X2041)

P (X20425 X2041) P (X2042, TX2p41) + P (X2042, X2041) P (X241, S X25)
D (X2142, S X2042) + P (X241, TX2041)

s

6

P (X2042, X2042) + P (X041, X2043)
D (X2p42, X2043) + P (X041, X2042)

(2.18) < ap (X2042, Xon41) + BP (X2n42, X2p41)

Using the condition (PM4), we get that

D (X2n42, X2042) + P (X241, X2043)

(2.19) <1.
D (X2142, X2043) + P (X20415 X2042)

Therefore by 2.19 we get that

P (X2043, X2p42) < @P (X042, Xons1) + BP (X2042, X2p41)
= (a+pB) pxms2, X2n41)

Therefore the inequality p (X,+1, Xp42) < hp (X, X,41) holds foralln = 0, 1,2, ... Hence {p (x,,, x,+1)}
is a non increasing sequence of non negative real numbers. Using (2.6),(2.7) and (2.10) , we get

1
P (Xn, Xp) < hnmp (x0, X1) .
Again using (2.12), we obtain that

pu,u) = lim p(x,,u) = lim p(x,,x,)=0.
n,m—>00 n,m—c0

Now we assert that p (u, Su) = 0. If possible, let p (u, Su) > 0. Then

p(u,Su) P (U, X2042) + P (X2p42, S 1) = P (X2p42, X2p42)

P (W, x2442) + p (T x2011, S ) — p (X2n42, X2n42)

D (U, X2042) + ap (X2p41, u) — p (X2042, X2042)

+,8p (x2n+1’ u) P (x2n+l’ TM) +p (x2n+l’ I/t) P (Lt, Sx2n+1)
P (X211, S X2011) + p (u, Tu)

P (U, X2042) + ap (X241, 1) — P (X2042, X2042)

p (one1, Tu) + p (4, X2442)

P (X2ns1, Xons2) + p (u, Tu)’

IAN I IA

IA

+Bp (X241, 1)

Taking limit as n — oo, we get that

p W, Tu) + p (u,u)
p W, u) + pu, Tu)

p@,Su) < p@u)—pQ@,u)+apu,u)+Lpu,u)

(@+pB)pw,u) <p(u,u), as (a'+,6’)<%

which contradicts the condition (PM?2). Therefore p (1, Su) = 0. Hence u is a fixed point of S.
Similarly, it can be shown that u is also a fixed point of 7. Hence u is a common fixed point of S
and 7.

Uniqueness:
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If possible let #* be another common fixed point of 7 and S. Now we see that

p,u’) < p@u,xue1) + pX2np1,47) = p (X20115 X2041)
= pu,xou1) + p(Su, Tu") = p (Xops1, Xons1)
pu,u”) p(u,Tu*) + p (u,u*) p(u*,Su)
pw,Su)+ pw*,Tu*)

IA

P @, Xo41) + ap (u,u™) +

= p(Xons1, X2ps1)

— * * p(l/i, TM*) + p(u*’Su)
= pu,xou1) +apu,u’) +Bp (u,u )p(u,Su)+p(u*,Tu*)

- P (x2n+la x2n+l) .

Taking limit as n — oo, we get that

p @, Tu*) + pWw*,Su) 3
p W, Su)+ p(u*,Tu*)

(2.20) pu,u”) < p,u)+ap@,u’)+Bpu,u’) p(u,u).

Also from (2.14), we get that
p,Tu")+p W, Su) <2{pw,Su)+ p ", Tu")},

which implies that

pw,Tu*) + pw*,Su) <

(2.21) p@,Su)+p W, Tu*) ~

Using condition (2.21) in (2.20) , we get that

puu’) < apuu)+2-Bpu,u’)<2-(a+p)puu’)
= (1-2-(@+p)p,u’)<0

1
= pu)<0as (@+p) < 3

Thus we conclude that p (u, u*) = 0, which shows that u = u*. Hence u is a unique common fixed
point of § and 7. Hence the proof of the theorem is established. O

3 Future Prospect

In the line of works as carried out in the paper one may think of the deduction of fixed point
theorems under different conditions in complex valued partial metric spaces and this may be an
active area of research to the future workers in this branch.
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